Comp. J. Combin. Math., 1 (2020) 31-75

000 Computational Journal of Combinatorial Mathematics

@ Journal Homepage: www.cojgco.com
e-ISSN:

Computing Sharp Bounds for Local Fractional Metric
Dimensions of Cycle Related Graphs

M. Javaid!, S. Safdar!, M. U. Farooq' and M. K. Aslam”

LDepartment of Mathematics, University of Management and Technology , Lahore, Pakistan.
Email:mkamran8488 @ gmail.com

*Corresponding Author: M.K. Aslam

Abstract

The parameters of approachability, centrality, connectedness and convolution of the aforementioned graphs have been discussed
in this note with the help of local fractional metric dimension of wheel related graphs namely, pseudo regular type 11, 111,
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1. Introduction

Ever since the advent of distance based dimensions in the strata of Mathematics, many structural prop-
erties of graph structures such as connectivity, complexity, vulnerability and mobility has been solved
and rectified to great extent. Apart from that different disciplines of sciences particularly robotics and
cheminformatics have been benefited by these as well. Suppose T = {t,12,13,...,1,} and T C V(G)
then T is forms a set of vertices on which some ordering have been imposed on them. In the same
manner, in p-tuple metric form 7 is represented as r(f|T) = (d(f,t1),d(f,t2),d(f,t3),...,d(f,t;)). The
set T changes into resolving set bearing p elements for G of order n then the set {r(f|T)|f € V(G)}
is the set having n distinct p-tuples. The resolving set with the least cardinality forms the metric basis of G.

The resolving sets are the brain child of Slatter [14, 15], Harary and Melter [16], as they separately defined
this notion and they called it by the metric dimension of G. Since then many researchers have gone into
the in-depth study of various families of graphs for the evaluation of their metric dimensions. The results
for the metric dimensions of path, cycle , peterson and generalized peterson graphs have been found by
[17, 18, 19] and [7]. Chartrand et al [7], employed metric dimension to solve the integer programming
problem (IPP). Afterwards, Currie and Oellermann introduced the notion of fractional metric dimension
(FMD) and solved the IPP bearing high accuracy. Arumugam and Mathew [3] after going through many

Citation:
Javaid et al., Comp. J. Combin. Math., 1(1) (2020), 1-9.



32 Comp. J. Combin. Math., 1 (2020) 1-9

new properties of FMD formally defined it. Subsequently, many researchers have gambled their fate in
this nexus by considering different graph structures. Particularly, the FMD of graph structures as obtained
from cartesian, hierarchial, corona, lexicographic and comb product of connected graph structures can
be found in, [4, 9, 10] and [12]. Recently, Liu et al [5] calculated the fractional metric dimension of the
generalized Jahangir graph Js 4.

Aisyah et al. (2019) gave the notion of local fractional metric dimension (LFMD) and found it for
the corona product of two graphs [24]. Recently, Liu el al.(2020) computed the local fractional metric
dimension of rotationally symmetric and planner graphs. In this note, we are going to evaluate the
sharp bounds for the LFMDs of cycle related graphs such as cycle, pseudo regular graphs(type-I and
type-II), generalized Dutch windmill graph, generalized path windmill graph and generalized wheel
windmill graph. This note continues in the following sequence, Section 1 is for introduction, Section 2
for preliminaries, section 3 concerns with the applications of LEMD, section 4 deals with the resolving
neighbourhoods of the aforesaid networks. In section 5, we have calculated the FMD of the graphs under
consideration and its criterion is developed as well. In section 6, the boundedness of the LFMD of the
graphs are analysed in tabular as well as 3D plot form. Whereas, section 7 is of conclusion.

2. Preliminaries

Ford € V(G) and {e, f} C V(G) then d is said to resolve {e, f} if d(e,d) # d(f,d). The collection of

all the vertices like d forms a set called by resolving neighbourhood. The resolving neighbourhood (RN)

of {e, f} is mathematically given by as R{e, f} ={d € V(G)|d(e,d) # d(f,d)}.

Let G(V(G,E(G))) a connected graph with having order p. A function y : V(G) — [0,1] is called

resolving function (RF) of G if y(R{e, f}) > 1if Ve, f € V(G), where y(R{x,y}}= ¥ p(d). An
deR{e,f}

RF 7 of G is known as minimal resolving function (MRF) if any function y : V(G) — [0, 1] such that

v <p and p(d) # y(d) for at least one d € V(G), that is not an RF of G. Then LFMD of the graph G is

given by dim;f4.(G} = min{|y| : y is the MRF of G}, where [n| = ¥ 1(z) [3].
zeV(G)
2.1. Algorithms for the Graphs Under Consideration

In this part, we present the algorithms that will help to understand the construction of the graphs under
consideration.

2.2. Pseudo Regular Graphs

A graph G which is simple and connected with order p and number of and size ¢ is said to be pseudo
regular graph if all of its vertices have same average degree. The Average degree can be find by formula
as follows.

i(v,) = ;ﬁ W eV(G)
14

Example
By using average degree formula, we have found that the average degree number of all of its vertices are
same, that is 7i1(v,,) = 2. Here average of all vertices is 2,So given graph is pseudo regular graph.

2.3. Type-1

Step-1 Take any integer non-zero and non-positive number s > 3 and first construct a Wheel graph where
number of spokes is m ,where m depends on s such that m = s> — 35+ 3.Let vy is the central vertex of the
wheel W,,,, 1.We may call We have d(vo) = s> —3s+ 3.

Step-2 {vi,v2,v3,..., vy, } are the vertices of order m in cycle C,,. Now next we connect s — 3 new pendent
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Figure 2.1

vertices with all the other vertices of G excluding vg.In this case the required graph is pseudo regular
graph Type-1. It is denoted by Gj.
Step-3 Now next We show the cardinality of Vertices and edges as follows.

V(G| =(s—3)(s*>—35+3)+s—3s+3+1
=5 —55°4+95—5

For s=4 and s=5 we have the graph ,as shown in figure.

Figure 2.2

2.4. Type-I1

Step-1 Take s > 5 and then construct a wheel graph where number of spokes is m and depends on s such
that m = s> — 35+ 1. Let vy is the vertex which place in the centre of the wheel graph W, ;. We may call
it as central vertex and we have d(vg) = s> —3s+ 1.

Step-2 {v{,v2,V3,...,v;} are the collection of vertices of order m in cycle C,,. Now, next we create a
new vertex corresponding to each edge which is in the cycle and in a wheel graph. Next new introduced
vertices should be connect to the end vertices of each edge in a cycle. Now next we connect s — 5 new
vertices which is pendent with all the other vertices of G excluding v in the cycle C,, and Wheel Graph.In
this case the required graph is pseudo regular graph Type-II. Symbolically, it can be represented by G;.
Step-3 Now,the cardinality of vertices is as follows.

V(Gpp)| = s* — 65 4 10s —2

For s=5 and s=6 we have the graph ,as shown in figure.
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Wiq

Figure 2.3: Pseudo Regular graph Gy s=5,6

2.5. Generalized Dutch Windmill Graph

Following is the algorithm for the construction of the generalized Dutch windmill graph.

* Take m number of cycles each with different lengths g;,¢»,...,gn such that g1 < gy < --- < g
 Take an isolated vertex v.

* For 1 < p < m join/merge the g,-th vertex of each cycle with v.

* The graph so obtained is a generalized Dutch windmill graph.

It is denoted by GDW (m;q1,q2, .. .,qm)- The vertex and edge sets are given by
m
V(GDW (m;q1,q2, .- ,qm)) = Ul{x’fyxﬁ, Xy I <u<piu{vi,
u=

m m
E(GDW (m;q1,92, - ,qm)) = U {xjx 4 [1 < j <u—1}0U U {wx{,vx3,...,vx;_ }, Therefore from the
u=1 u=1
m
sets above, we have found that |V(GDW (m;q1,q2,-..,9m))| = ¥ gu—m+1 and
u=1

m
|E(GDW (m341,92, .- -, qm))| = L du
u=
The figure 2.4 shows GPW(m;q1,q2,- .., qm)-

Figure 2.4



Javaid et al., Computing Sharp Bounds for Local Fractional Metric Dimensions of Cycle Related Graphs 35

2.6. Generalized Path Windmill Graph

The algorithm below will form the construction of the generalized path windmill graph.

* Take m number of paths each with different lengths g1,¢2,...,gn, such thatg; < g, <--- < gp,.
» Take an isolated vertex v.

* For 1 < p < m join all the vertices of each path with v.

* The graph so obtained is a generalized path windmill graph.

It is denoted by GPW (m;q1,q2,...,qm). The vertex and edge sets are given by
m
V(GPW(m;qlana <o 76]m)) = U {le,x%, ce- ,XZ_I‘I <u< p} U {V},

u=1
m

m
E(GPW(m;q1,q92,---,qm)) = U {x;?x?Jrl\l <j<u—1}0 U {vxf,vxs,...,vx_,}, Therefore from the
u=1 u=1
m

sets above, we have found that |V (GPW (m;q1,q2,...,q9m))| = ¥, qu+ 1 and
1

u=

m
|E(GPW(m;q1,q2,- . ,qm))| =2 L qu—m.
u—=
The figure 2.5 shows GPW (m;q1,q2,-..,qm)-

1
X

%

%
=3

Figure 2.5

2.7. Generalized Wheel Windmill Graph

The algorithm below will form the construction of the generalized path windmill graph.

» Take m number of wheel graphs each with different vertices and having cycles of lengths g1, 2, ..., gm
such that g; < gp < --- < ¢y, and each are having v as their central vertex.

* Merge all of their central vertices v into one.

* The graph so obtained is a generalized wheel windmill graph.

It is denoted by GWW (m; 41,42, .. .,qm). The vertex and edge sets are given by
m
V(GWW(m:q1,92; .- .qm)) = U]{xﬁ‘,xg, cox L <u< pru{vh,
u=—

m m
E(GWW (m;q1,92,---,q9m)) = U {x?x7+1|1 <j<u—1}U U {vxf,vx5,...,vxl;}, Therefore from the
u=1 u=1
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m
sets above, we have found that |[V(GWW (m;q1,q2,...,q9m))| = ¥ qu+1and |[E(GWW (m;q1,q2,...,q9m))| =
u=1

m
2 ¥ qu- The figure below shows GWW (m;q1,q2,-..,qm)-

u=1

Figure 2.6

3. Applications
3.1. Engineering

The advancements in system networking makes the presence of Metric dimension vulnerable. The
metric dimension portrayed by Slatter [14] and Harary and Melter [16] provides software engineers with
opportunities encounter the problem in which an interpolar has to decide for adopting an occupation in
particular region.

The aids like these helps the engineers in installation of robots in restaurants, factories and in different
public service units [21]. These tools also helps in rectifying the problems such as example handling,
picture handling and handling progressive information structures [20], thereby helps the engineers in
designing a smart systems.

3.2. Chemistry

The diagram of a chemical compound as presented by [8] helps the pharmacists and chemists in the
formation of different drugs and finding antibiotic that can not only treat bacteria but can also destroy
the viruses having compatible structures. This helps the pharmacist in an error free drug formation. For
having an insight into the problems like thesewe refer to ,[ 14, 20, 22] and [23].

4. Local Resolving Neighbourhoods

In this section of the paper, we will present the local resolving neighbourhoods of the graphs under
consideration.

4.1. Local Resolving Neighbourhoods of C,,

Here we will present the local resolving neighbourhoods of C,,,.
Lemma 4.1.1: For m >4 ,m = O(mod 2) and V(G) = C,,. Then |[R{xjxj11}| = |V(G)| = m and

L UR|= V(@) =m.
j=1

Proof: Since C,, is a bipartite graph for the case under consideration, so all of its local resolving
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neighbourhoods will be equal to its vertex set. Therefore, R{x;x;11} = V(G), U R; = V(G) and

I'Cs

m
IRj| =] U Rj|=m
j=1

m
Lemma 4.1.2: For m > 3 ,m = 1(mod 2) and V(G) = C,,. Then |[R{xjxj;1}|=m—1, | URj| =
j=1
V(G)| =m
Proof: The local resolving neighbourhoods for the case under the discussion is given by:

R{xjxj11} = V(G) — {xi|k = j+ "L (mod m} Therefore, |[R{x;x;+1}|=m—1,| U Rj| = |V(G)|.
=1

4.2. Local Resolving Neighbourhoods of G; and Gy;

In this section, we present some the results regarding the resolving neighbourhoods of G;; and Gyy;.
Lemma 4.2.1: Suppose G = Gy; taking any non-negative number s > 4 and n = s> — 35 + 3.

n
(@) |Ry| = |R{Vi,Vms1}| =4s—Tand | U R,| = s> — 55> +9s—6,

u=1

n
(b) |R[| < |R{v0,vl}| and |R{VQ,V1} N U Rl| > |Rl| with v, 1 = vy.
=1

(©) |R| < |R{v;,w"} N U Ri| > |R|

Proof: (a)The local resolvmg neighbourhood for v,,v,,1 | are:
R{vm,vms1} =V(G) —{vo} U{vylu=m+3,m+4,...m+n—4(mod m)} U{wiv,|1 < s <s—3} we
n n
seethat |J R, =V (G} =V(Gy)—{v}and | U R, =¢> —5¢4*+9g—6
u=1 u=1

(b) The Local resolving neighbourhood for vyv,, is as follows,Now 1 </ <nand 1 <k <s—3 R{vp,vn} =
n
V(G)—={wu=m—1,m+2,(mod m)} U{wyv,|1 <k <s—3}and |[R{vo,vin} N U Ry| > |Ru|.
u=1

(¢) The local resolving neighbourhood of R{v;,w,"} =V (G) is
R{vi,wy"} =V(G),
n
where 1 <k <s—3. Thus it is evident from the above that |R,| < [R{v;,w," }| and |R{v;,w;"} N U Ru| >
u=1

[Rul.

Lemma 4.2.2: Suppose G =2 Gy considering any non-negative number s > 4 and n = s> —3s+ 1.

n
(@) |Ru| = |R{Vi,Vms1}| =4s+7 and |JR,| = s> — 65> + 105 — 3
l

(0) [Ru| < [R{vo,vm}| = [R{vmium}| =
|R{vinttyy—1}| and |R{vg, v} N U Ry| = |R{vimwm } N U R,|

u=1

= |R{vpWm—1}N U R,| > |Ry| with vy, 1 = v and ug = uyy,.

(©)|Ry| < [R{vim,x;"}| and [R{vy,u;

Proof:
(a)The local resolving neighbourhood for v,,v,,+1 as follows.

5.
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R(Vi,Vint1} = V( ) —{vo} U{vm,vulu =m+3, m+4 m~+n—3(modn)} U{x"|1 <k <s—5} We
have found that U R,=V(G}=V(G)—{vo} and | U R, = s> —65%+10g 3.

(b) The Local resolvmg neighbourhood for {vov,, }, {vm, Wi }

and {v,,, w1} are as follows,

R{vo,vm} =V(G) —{vulu=m—1,m+1(mod m) } U{w,|u=m+1,m—2(mod m} U{x"|1 <k <s—5},
R{vi,wn} = V(G) — {vyJu = m+1,m+2(mod m)} U{w,|u =m+1,m+2(mod m} U{x"|1 <k <
s—5}, and

R{vi,wm—1} =V(G) —{vulu=m—1,m—2(mod m)} U{wylu =m—1,m—2(mod m}U{x"|1 <k <
s — 5} respectively.

Itis observed that [R{vovi }| = |R{Vi, Wi }| = |[R{Vin, Wm_1}| = 5> — 65> +85+4 > |R,|. Thus |R{vo, v, } N

n n
U Ru‘ = |R{Vmwm}m U Rul
u=1 u=1

n
= |R{Vmwm—l}m U Ru‘ > |Ru’~

u—=

(c) The local resolving neighbourhood for {v,,,x;"} with 1 <k <s—51is

R{vp,x;" =V (G). As we know that V(G} = s® — 65 + 10s — 2 > |R,|. Therefore, [R{vy,,x;" N U Rul.
u=1

4.3. Local Resolving Neighbourhoods of GDW (m;q1,q2, . ..,q,),GPW(m;q1,q2,...,q,) and GWW (m;q1,q02, . ..,q,)

In this section of the note, we are presenting the local resolving neighbourhoods of GDW (m; g1, 42, - .. ,qp),
GPW(m;q1,q2,...,9,) and GWW (m;q1,q2,...,q,).

Lemma 4.3.1(a) Suppose G = GDW (m;q1,q>2, - --,qm) forany m, 1 <i <m, q; > 3 and ¢ = 0(mod 2).
Then R{uv} =V (G), Vuv € E(G),
(b)For for any m, 1 <i<m, gq; >3 and ¢ = 1(mod 2). Then:
(i) For 1 < j <m,|R/|=|R{x/x{}|=a—1and | U R/| = ¥ g;i—m. where r = q;zl
=1 i=1
g+l '
2 )
p m .
(i) For 1 < j <m, |R/| < ’R{xr,xs,H B—1,]URi| =Y gi—m. where r; = 45—
=1 i=1

o =min{g;|l <i<m}ands=

= ] _ qi+l
B={qill <i<m}—{a}ands; =25,
(ii)For1 < j<m,1<i<ri—lands; <k<g;—2,

.. . . .. p
Rl < [R{xfsl = R = RO} = R{ow)_ 3= plg=1) and [REx/xL ) O Rl = RG]} U Ril

. . p
IR{vx]} ulm = [R{vx, 1} U Rl 2[R
1= =

Proof:
(a) The given statement is true as the graph will be a bipartite.

(b)
(i) The local resolving neighbourhood of x,xs is
R{xlxl} =V (G) - Prulad, 1 <i<j—1,j+1<n<mAl1<k<a—1}. As we can see that

p m
IR{x}x]}| = oc—1,thus | U R,| = Zl%'_
=1 i=

(i1) The local resolving neighbourhood of x{ix;gi is
R{xilxsl} V(G)—{pu{xk, 1 <I<j—1,j+1<n<mA1<k<g—1}. As we can see that
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.. 14 m
IR{x/xi}| =P — 1, thus | U Ri| = .Z qi—

(111) The local resolving neighbourhoods of xl xl 1 xljcxi IRy vx! 1 ' and vx _; are

R{x], } = V(@) {xf]l = i+ si(mod g},
R{xzjc)fiﬂ} V(G) — {x/|l = k—si(mod g)},
R{vx]} =V(G) - {x/}, N
and R{vx =V(G)— {x} respectively. It is clear from the above that |R{xl l +1}| = |R{x}x 1} =
p
[R{vx{}| = |R{qu,-—1}’ =plg—1) > |R,| and [R{x] H—l} U Ri| = R{xx,, ,} UlRt| = |R{vx{} UlRt’ =
= =

. p
IR{vx)_} UlRtI > [Ry].
=

Lemma 4.3.2 (a) Suppose G = GIP’W(m ql,qg, sqm), forany m >3, 1< p < m gp > 6. |Ry| =
RUGEY = IR(L_ 3 =3 and O Ry = O (otostiotot oot oat, o} and | O Rl = 6m,

u=1

(b)For2<j<gq,-2, |Ru|<|R{ p L1} and [R{xx" | N U Ry| > |Rul, (©) |Ru| < |[R{vxl}| = [R{va}|

JJﬂL

p
and [R{vx!} N U Ry = [R{vxi} N 0 Ru| > |Rul,
u=1 u=1
p
(d) For2 < j <gqp—1, Ry < [R{vx7}| and [R{vx;} N U Ru| > |Ru|.
u=1

Proof:
(a) The local resolving neighbourhoods of xlx2 and x _1x§p are

R{xVxD} = {x], x5, 2L} and R{x 1xqp} {xqp 2 f; _1,Xg, } respectively. It is clear from the sets that

IR{x’x2} = [R{x"_ xP}| =3 and | L_J Ru| = 6m.

(b) The local resolving neighbourhood of x*x X +1 is
R{xj ]+1} {lk=j—1,j,j+1,j+2 (mod qp)}. Clearly, |R{xj J+1}]:|V( )| —4 and |[R{x"x

U Ry| = [Rul.

J J+1m

(c) The local resolving neighbourhoods of vx1 and vx} } are
R{vx{} =V(G) — {x{} and R{wx{,} = V( ) — {x 4} respectively As we can see that [R{x{}| =

|R{vx§p_1}| =|V(G)|—1and |R{vxf}ﬁ L_J R, = ]R{vxgp}ﬂ U Ry| > |Ry|.

u

(d) The local resolving neighbourhood of vxj.’ for2<j<gqg,—1is
R{vx} =V(G) —{x}lk=j—1,j+1 (mod qp}. It is clear from the set that [R{vx}| = [V(G)| —2 and

p
[R{vx} N UIRM| > |Ry|.
u=

Lemma 4.3.3 Suppose G = GWW (m;q1,92,...,qm), foranym>3,1<p<m,q,>6and 1 < j<gq,.
(a)For ¢, =min{g,|l <p<m}, 1< j<g,withg,+1=1and 1 < p<p,
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4, for ¢,=0(mod2),
Ral = RE ) = 0 O For =0
gp—1 for ¢, =1(mod2)

p
Ul <k<q,}  for 4, =0(mod 2),
u=1

u=1 p
Ul({xli‘ll <k <dgp}—A{x}}) for qp=1(mod 2)
\ u=
and
5 PG for ¢, =0(mod 2),
| U Ru‘ =
u=1 p(gu—1) for g, =1(mod 2)

. Where p is the number of ¢}, in G and r = @.

P
(b)For1 <j<gpand 1 <n<p-—p, R, < |R{x" +1}| and |R{x] e UIRM| > |Ry/,
u:

P
(c)For1<j<g, R, < \R{vxf}\ and ]R{vxf} ﬂuL:JlRu| > |Ry|.

Proof:
(a) The local resolving neighbourhoods of x X G4 are

Wi<k<dl  for  dp=0(mod 2),
M—R{xj j+1} ,
(x|l <k < qp}—{xF'} for qp=1(mod 2)
It is clear from the sets that
1 =0 d2
R = [RGE, = 4 D Jor dp=0lmod2)
7 gp—1 for ¢, =1(mod2)

and
5 PG for ¢, =0(mod 2),

v B(gu—1) for ¢, =1(mod 2)

(b) The local resolving neighbourhood of x 't {8 is
R{xj 1+1} = {xk k=j—1,j,j+1,j+2 (mod qp)}. Clearly,

R{x}x, 1 }| =|V(G)| —4and [R{x[x", | N
U Ru| > |Rul.
u=1

(c) The local resolving neighbourhoods of vx;? are

R{vxl[} = V,((G) —{x{lk=j—1,j+1 (mod gp}. Itis clear from the set that [R{vx/}| = |V(G)| -2 and

p
[R{vx} N UIRM\ > |R,|.
u=
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5. Local Fractional Metric Dimension

In this patch of the paper, we will calculate the LFMD of the graphs under consideration and present
some supportive results towards their calculation.

Lemma 5.1.1Suppose G = G; and R = {R,,R;|u € T Al € L} be the collection of their local resolving
) L
neighbourhoods such that |R,| = @ < |R| and |[R,N U Ri| > @. For any R;,R; € R, and R;NR; # ¢.
k=1
Then

TI[VJ@:

dimlfrac(G) < 1%,

where 6 =| |J R,| and R, is the minimum resolving neighbourhood.
ucT

Proof: As R;NR; # ¢, hence, we define a mapping y : V(G) — [0, 1] such that

1)
% for ve L_Jl R,
y(v) = “ 5
0 for veV(G)— U Ry
u=1
As all the minimum resolving neighbourhoods of G are not pairwise disjoint, hence dimy fmc(G) will be

strictly less then the sum of % Therefore,

1
(O,
1

T\Mcn

dimlfmc(G) <

Lemma 5.1.2Suppose G = Gy and R = {Ru,lél lu e T Nl € L} be the collection of their local resolving
. L
neighbourhoods such that |R,| = @ < |R| and |[R,N U Ri| > @. For any R;,R; € R, and R;NR; # ¢.
k=1
Then

1
w’
1

dimlfrac(G) <

u

I ™Mo

where 6 = | U R,| and R, is the minimum resolving neighbourhood.
€T

Proof: As R NR; # ¢, hence, we define a mapping v : V(G) — [0, 1] such that

% for ve 6 R,
y(v) = vl 5
0 for veV(G)— U Ry

u=1

As all the minimum resolving neighbourhoods of G are not pairwise disjoint, hence din; ,(G) will be
strictly less then the sum of % Therefore,

1
w’

S
dimlfrac(G) <X
u=1
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Lemma 5.1.3Suppose G = GDW (m;q1,q2,.-.,qm) and R = {R,,R;|u € T Al € L} be the collection of
) L
their local resolving neighbourhoods such that |R,| = @ < |Ri| and |R, N J Rx| > w. For any R;,R; € R,
k=1
and R;NR; = ¢. Then

dim[fmc(G) ==

u

1
w’
1

I ™Mo

where 6 = | U Ry| and R, is the minimum resolving neighbourhood.
=

Proof: As R;NR; = ¢, hence, we define a mapping y : V(G) — [0, 1] such that

)
% for ve U R,y
y(v) = u=l 5
0 for veV(G)— U Ry
u=1
As all the minimum resolving neighbourhoods of G are pairwise disjoint, thus, dim; f,.(G) and sum of

the weights % will be equal to both. Hence,

dimlfmc(G) =

u

1
w’
1

™Mo

Lemma 5.1.3Suppose G = GPW(m;q1,q>, . ..,qm) and R = {R,,R;|u € T Al € L} be the collection of
, L
their local resolving neighbourhoods such that |R,| = @ < |Rk| and |R, N |J Rx| > w. For any R;,R; € R,
k=1
and R;NR; = ¢. Then

dimlfmc(G) =

u

1
w’
1

I ™Mo

where 6 =| |J Ry,| and R, is the minimum resolving neighbourhood.
ucT
Proof: Since R;NR; = ¢, therefore, we define a mapping y : V(G) — [0, 1] such that

0
% for ve !l R,
y(v) = “ s
0 for veV(G)— U Ry
u=1
Since all the minimum resolving neighbourhoods of G are not pairwise overlapping, therefore, din; 4. (G)

is equal to the sum of the weights % Hence,

1
w’
1

I ™Mo

dim[fmc(G) =

u
Lemma 5.1.4Suppose G = GWW (m;q1,q2,...,qm) and R = {R,,R)|u € T Al € L} be the collection of
, L
their local resolving neighbourhoods such that |R,| = @ < |Ri| and |R, N U Ri| > @. Forany R;,R; € R,
k=1
and R;NR; = ¢. Then
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)
dimlfrac(G) = Zl %’
u=

where 6 = | U Ry| and R, is the minimum resolving neighbourhood.
ueT

Proof: Since R;NR; = ¢, therefore, we define a mapping y : V(G) — [0, 1] such that

)
% for ve L_Jl R,
y(v) = = 5
0 for veV(G)— U Ry
u=1
Since all the minimum resolving neighbourhoods of G are not pairwise overlapping, therefore, din; 4. (G)
is equal to the sum of the weights % Hence,

I Mo

gl

dimlfmc(G) =

u

Theorem 5.1.1 If G = C,, then

dimlfmc(G) = %

Proof: Case 1: Whenn =3

We have the following local resolving neighbourhoods of C3

R = Rx1x2 = V(G) —x3, Ry = Rx2x3 = V(G) — X1,

R3 =Ry, = V(G) —x;.

We can see from the above local resolving neighbourhoods that each of them is having a cardinality of 2.

3 3 o
Thus, U R, =V(G) and | U R, =V (G)| = 3. Now, we define a mapping y : V(G) — [0, 1], such that
u=1 u=1
assigning all the vertices of G by % and summing up all we get:

dimlfrac(G> =) = %

u=

Case 2:

(i) Whenn =15

We have the following local resolving neighbourhoods of C3

Ri =Ry, =V(G)—x3,Ry =Ry, i; = V(G) — x4,

R3 = Rx3x4 = V(G) — X5, R4 = Rx4x5 = V(G) — X1,

Rs = Ry,x;, = V(G) —x,. It can be observed from the above local resolving neighbourhoods that each

of them is having a cardinality of 4. Thus, CJ R,=V(G) and | L3J R, =V (G)| = 3. Now, we define a
u=1 u=1

mapping v : V(G) — [0, 1], such that assigning all the vertices of G by % and summing up all we get:
m
dimlfrac(G> =) = %
u=1
(ii) For n > 5:
The local resolving neighbourhoods for Cy, is R, = R{x;x;;1}. As we have seen that |R,| = |R{xix;+1}| =
m m
m—1and | J R,| =m. Now, let ® = |R,| and 6 = |  R,|. Now we define a mapping y such that
u=1 u=1
m
Clearly, |R;| = |R{xixi+1}| =m—1and | U R;| = m. Since each of the local so now we define a mapping

t=1

v such that.



44 Comp. J. Combin. Math., 1 (2020) 1-9

% for ve U R,

() = =,

0for veV(G)— U R,
u=1

Now assigning L to all the vertices of Cy,.. Since all the R, are pairwise overlapping so there exist another
..y such that ...y < v. Thus, we have:

m
dimzfmc<cm> <YoS<at

u=
Since we are considering the case when m = 1(mod 2) that rneans the LEFMD of C,, can never be 1. In
that case that will be a bipartite graph. Hence dim; ¢4 (Cn) > ): L > m . Therefore, from both the

cases we come up to the following conclusion
; _ _m
SN frac = 571+

Theorem 5.1.2: If G = Gy, for s > 4 and m = s2 — 35+ 3. Then dimy ;(Gy) < £=3495-6,
Proof:

Case I

Fors=4andn="17.

The local resolving neighbourhood are as follows :

7
Ry =Rp(vi,v2) \%4 —{va,vs,ve } U{ua,us,uc}
Ry = Rp(v2,v3) \% —{v7,vs,ve } U{uz,us,uc}
R3 =R (v3,vs) \% —{v1,v7,v6} U{us,u7,uc}
R4 = Ry (v4,vs) \% —{vi,va,v7} U{us,uz,u7}
RsR1.(vs,ve) \% —{vi,va,v3}U{uy,uz,us}

<

ReRL(ve,v7)
R7RL(v7,v1)

—{va,v2,v3} U{ug,uz,u3}
—{v3,va,vs} U{us, ug,us}

<

Resolving Neighbourhoods Elements

Ry = Rr(vo,v1) V(Q)—{vz,V7}U{u2,u7}
Rz—RL(vo,vz) V(Q)—{vl,V3}U{u1,u3}
Rr(vo,v3) V(G) = {va,va} U{uz,us}
R4—RL(VO, 4) V(G) = {vs,vs} U{us,us}
= Ri(vo,vs) V(G) —{va,ve} U{ug, us}
R6—RL(VQ, ) V(’G)—{V5,V7}U{u5,u7}
RL(V(),V7) V(Q)—{vl,v6}u{u1,u6}

=R (vi,u1) V(G)

R9 = Rp(v2,u2) V(G)

Rio = Rp(v3,u3) V(G)

Ri1 =R (va4,us) V(G)

Ri2 = Rp(vs,us) V(G)

Ri3 = Ri(ve, Ug) V(G)

R_14 = RL(V7,M ) V(/G)

G)

G)

G)

G)

G)

G)

(G)

Out of the local resolving neighbourhoods given above, we have found that the cardinality for each local
resolving neighbourhood R, for 1 < u <7 is 9, which is minimum cardinalities from all other resolving

_ 7 7 _ m
neighbourhoods R, for 1 < u < 14. Moreover, |J R; = Vg —vo so,| U R7| =14 and |R;N U R;| > |Ry|
I=1

u=1 u—=



Ry =Rp

<
Q

V7, u13}

<
Q’
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,next we define mapping ¢ : v(G) — [0, 1] such that y(v;} = % , hence, by lemma 5.1.1, we have
Consequently, We have
14
dimprm(G) = L :g < % = %
Case II
(i) Forg=5,m =13 and 1 < k <2 Thus we have,
RN Elements
=R (vi,12) V( )= {va,vs,ve,...,viafU{ult u®, .o}
R2—RL(V2,V3) V(G) {vs,ve, vzt U{u P}
= Rp(v3,v4) V(G) {vl,v6,V7,...,v13}U{u,‘zl,u,vf,u?,...,u,t”}
R4—RL(V4,V5) V(G) {vl,vz,V7,Vg,V9,...,v13}U{ul,uz,u3,u4,u13,u14,u15,...,u26}
=Ry (vs,Vv6) V(G) {V1,v2,V3,V8,V9,V10, ..., v13 } U{ui, un, u3,us, us,ug, uys, U6, U17, - - -, Ue }
R6—RL(V6,V7) V(G) {V1,v2,V3,v4,v9,V10,V11,V12,V13 } U{us,ua,u3, ... ,ug, u17,u18,u9,. .., U}
RL(V7,V8) V(G) {vl,vz,V3,V4,V5,v10,v11,vlz,v13}U{ul,uz,u3,...,u1o,u19,u20,u21,...,u26}
RL(Vg,Vg) V(G) {Vl,Vz,V3,V4,V5,V6,V11,V12,V13}U{ul,ug,u3,...,u12,u21,u22,u23,...,u26}
R9—RL(V9,V10) V(G) {vi,v2,v3,. ., v7 v, vi3 U {ug, un, us, oo uya, U203, Ung, Uns, Ung |
Rio =Rr(vio,vi1) V(G) {vi,va,va, ., vg,vist U{ur,up,us,. .. u16, uns, use §
R11 :RL(vn,vlz) V(G) {V1,V2,V3,...,V9,V13}U{u1,u2,u3,...,u18}
R12:RL(V12,V13) V(G) {vz,V3,V4,...,v10}U{u3,u4,u5,...,u20}
Ri3 :RL(V13,V1) V(G) {V3,V4,V5,...,VII}U{M5,M6,M7,...,IJ22}
R_l :RL(VQ,Vl) V(G) {VQ,V13}U{M3,M4,L£25,M26}
R_g —RL(VQ,VZ) V(G) {V3,v1}U{u1,u2,u5,u6}
R3 = Ry (vo,v3) V(G) {vo,va} U{us,ua,u7,usg}
Ry —RL(V(),V4) V(G) {V3,V5}U{u5,u6,ug,u10}
R; —RL(V(),VS) V(G) {V4,v6}U{u7,u3,u11,u12}
R6 ZRL(VQ,V6) V(G) {vs,V7}U{u9,u10,u13,u14}
R7 = R (vo,v7) V(G) {ve,ve} U{ur1,u12,u15,u16}
Rg :RL(V(),Vg) V(G) {V7,V9}U{u3,u14,u17,u13}
Ry = R (vo,Vv9) V(G) {vs,vio} U{uis,u16,u19,u20}
Ri0 = Rr(vo,v10) V(G) {vo,vi1} U{ur7,u1s,uo1,up}
Ri1 =Rr(vo,vi1) V(G) {vio,vi2} U{urg, u0, u23, u24}
Riz =R (vo,v12) V(G) i, vz} U{uar, ux, uzs, uze }
Ri3 =R (vo,v13) V(G) vi,vi} U{ur, ua,uz3,u04}
R_14 = RL(Vl,Ml) V(G)
R_15 = RL(Vl,MQ) V(G)
Ri6 = Ry (v2,u3) V(G)
R_17 = RL(VZ,M4) V(G)
Rig = Rp(v3,us) V(G)
Ri9 = R(v3,ue) V(G)
Ry = Ry (v4,u7) V(G)
R_21 = RL(V4,M8) V(G)
Ry = Ry (vs,uo) V(G)
Ro3 =Ry (vs,uio} V(G)
Rys = Ry (ve,u11} V(G)
R_25 = RL(V6,M12} V(G)
( ( )
( G)

Ry7 =R (v7,u14}
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Rog = Rp(vs,uis} V(G)
Ry = Ry (vs,u16 = V(G)
R30 = Ry (vo,u17} V(G)
R31 =R (vo,u13} V(G)
R3 = R (vio,u19} V(G)
R33 =Ry (vio,u20} V(G)
R34 =Ry (vi1,u21} V(G)
Rss = Ry(vi1,un} V(G)
R36 = R(vi2,u23} V(G)
R37 =Ry (vi2,u24} V(G)
R33 = Ry (vi3,u2s} V(:G)
R39 = Ry (vi3,u2} V(G)

From the local resolving neighbourhoods given above, It can be seen that the cardinality for each local
resolving neighbourhood R; we have for 1 <u < 13 is 13, which is the minimum cardinality among all
the other local resolving neighbourhoods R,for1<u< 13 cardinality is 34 and for 14 <[ < 38 we have

cardinality which is 40.Moreover, U R13 =V —vp so, | U =39|and |R; N U R;| > |R;| ,next we define

a mapping y : v(G) — [0, 1] such that v} =1 Smce Rl for1 <1<7 of V(G) therefore, by lemma
5.1.1, we have

dimpm(Gir) 329: LD
Lrm\UI1) = - <15
=13 713

(ii) When s > 5 The possible local resolving neighbourhoods are Ry {vo, vin }, RL{Vin, Vin+1} and Rp{v, uZ’”},clearly
P n
from the lemma 1 |R;| = |[R{v;,vi+1}| =4s—T7 < |{R(uv)}| VE(Gys) and [{R(uv)}| N U Ry| > |Ry|. Let
u=1

n
S=|URu=p"-5p2+9p—6and = |R,| =4p—T.
u=1

Now we define a bijection ¢ : vG — [0, 1] such that

% for ve Lnj R,
¢(v) = =,
0for veV(G)— U Ry
u=1

Now we see that ¢ is a local resolving function for Gj; because ¢ (R{cd}) > 1 Ved € E(GI). To prove
this ,suppose on contrary that we have another resolving neighbourhood y,such that y(c) < ¢(c) for this
at least one ¢ € V(G) and ¢(c) # y(c).Cnsequently, we have §{R(cd)} > 1Vcd € E(G) Where R(cd) is
the local resolving neighbourhood of G;; with Cardinality @ Which is minimum. From this we see that y
is not a local resolving function,so this is a contradiction,thus we can say that ¢ is a resolving function
which is minimal for Gy;. Therefore, by lemma 5.1.1, we get:
ding, < £ & < 252

u=1

Theorem 5.1.3: If G = Gy, for s > 6 and n = s> — 35+ 1 . Then dimg,,, < Ss*ﬁi#

Proof: Case 1: When s = 6 We have the following local resolving neighbourhoods for G under consider-
ation.
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1 =R (vo,v1) = V(G) = {v2,vio} U{wa,wis} U {x}’ ,xl”’}
O = RL(Vo,Vz) = V(G) {Vl,V3} U {W3,W19} U {xl ,xl }
(3 = Rp(vo,v3) =V(G) — {VQ,V4}U{W1,W4}U{X2 ,xl ‘}
24 =R (vo,va) =V(G) - {v3,vs} U{wa, ws} U {x3’ ,xl >}
X5 = Rp(vo,vs) =V(G) — {va,ve} U{ws,ws}U{x;*,x°}
% = R(vo,v6) = V(G) — {vs,v7} U{ws,we} U {x1 ,x1 7}
X7 = RL(V(), ) = V(G) {V6,V8}U{W5,W7}U{x1 ,xl }
% = R(v0,v8) =V (G) — {v7,v9} U{we,ws} U{x},x"}
?:RL(V(),Vg) V(G) {Vg,V]()}U{W7,W9}U{x1 ,xllo}
R_]():R (V(),V]()} V(G) {Vg,V]]}U{Wg,W]()}U{x] , ”}
Ry =R {vo,v11} =V(G) — {vlo,vlz}U{W9,w11}U{xY‘O, Vu}
R_12 —RL{V(),Vlz} V((Gr) {V11,V13}U{Wlo,wlz}U{x‘l}“,xln}
R_13 = RL{V(),V13} = V(G) {V12,V14} U {Wll,W13} U {X‘I}IZ,XIM}
R_14 = RL{V(),V14} = V(G) {V13,V15} U {W12,W14} U {x‘l’13,x115}
R_15 :RL{V(),V15} :V(G) {v14,v16}U{w13,w15}U{xvl4 16}
R_16 = RL{V(),V16} = V(G) {V15,V17} U {W14,W16} U {x¥15,x1'7}
R_17 = RL{V(),VU} = V(G) {V16,V18} U {W15,W17} U {X‘l}l(),xllg}
R_lg = RL{Vo,Vlg} = V(G) {V17,V19} U {W16,W18} U {x‘l’17,x119} )
R_19 = RL{Vo,vlg} = V(G) {Vlg,VQ()} U {W17,W19} U {leg Vzo} Ry = RL{vl,x?} = V(G)
R_21 = RL{Vz,x‘]Q} = V(G) R16 = RL{V3,X12} V( ) R_17 = RL{V4,X‘1)4} = V(G)
Rig = Rp{vs,x’} =V(G) Ri9 = Re{ve, x,"} = V(G) Roo = R {v7,x) } = V(G)
Ry =Ri{vs,x|*} =V(G) Ry = Ri{vo,x"} = V(G) Roz = Rr{vi0,x|"°} = V(G)

R24 = RL{VH xlll} V(G) R25 = RL{Vlz,xllz} V( ) R:% = RL{V13,X‘1}13} = V(G)
Ry7 = RL{VI4,)C114} V(G) Rrg = RL{Vls,xlls} V(G) R_29 = RL{V16,X‘1}16} =V(G)
Ry = RL{V17,X1 }=V(G) R31 = RL{vlg,xl 1=V(G ) Rz = RL{vlg,XYE} =V(G)
R§3—RL{VI,W1} V( ) {VQ,V3}U{W2,W3}U{)C12, }
R34 =Ri{v2, w2} = V(G) — {va,vs} U{wa,ws} U{x}*,x°}

Rso = Rp{vis,wis} = V(G) — {v1,vio} U {wi,wio} U {x]" ,Xllg}
R_51 ZRL{vlz,W23} ZV( ) {v1 Vz}U{Wl Wz}U{xl ,Xl }
Rsy = Rp{v2,w1} =V(G) — {vi,vio} U{wi,wio} U{x}" ¥}

Rs3 :RL{V3,W2} :V( ) {V],Vg}U{W],Wz}U{X] ,xl }

Rgo = R{vio,wi1s} =V(G) — {V17;V18}U{W177W18}U{x¥177x118}

R70 =Ri{vi,wio} =V (G) — {vig,vio} U{wig,wio} U{x]"®,x"}

R =RL{v1,vz} = V(G) —{V4,V5,v6,...,vlg}U{Wl,W4,W5,W6,W7,...,W17}U{X4,X5,X6,...,x17}

R2:RL{VQ,V3}:V(G)—{VS,V6,V7,...,vlg}U{Wz,W5,W6,W7,...,W13}U{X5,x6,X7,...,xlg}

R3 :RL{V3,V4}:V(G)—{vl,v6,V7,V8,...,vlg}U{,W3,W6,W7,W8,...,W19}U{x6,x7,x8,...,xlg} Ry =

Ri{v4,vs} =V(G) —{vi,v2,v7,V8,V9,...,vig} U{wi, wa,w7,wg,wo, ..., wig} U{x],x7,X8,X9,...,X19}

Rs =Ri{vs,ve} =

V(G)—{V1V2,V3,V8,V9,V10,...,V19}U{Wl,WQ,W5,W8,W9,W10,...,W19}U{xl,xZ,x8,X9,xlo,...,X19}

R6:RL{V6,V7}:V(G)—{vl,vZ,V3,V4,V9,V10,vl1,...,V19}U{Wl,WQ,W3W6,W9,W10,W11,...,W19}U

{xl,xz,x3,x9,x10,x11,...,x19} R7 :RL{V7,V8} :V(G)—{V],Vz,V3,V4,V5,V1(),V11,V12,...,V19}U

{wi, w2, wawg, w7, wi0, i1, wia..., w19} U{X1,X2,X3,%4,X10,X11,X12,- - -,X19}
ZRL{Vg,Vg}ZV(G)—{V1,VQ,V3,V4,V5,V6,V11,V12,V13,...,V19}U

{wi,wa, w3, w5, wg, wi1,Wi2,w13,..., W19} U{X1,X2,X3,X4,X5,X11,X12,X13,...,X19}
Rg =Ri{vo,vio} =V(G) —{vi,v2,v3,...,V7,V12,V13,V14,...,Vi9 } U
{W17W27W37 oW, Wo, W12, W13, Wi4 ... 7W19} U {XI,XQ,X?,, <oy X6,X12,X13,X14 - - - 7~x19}

Rio =Rr{vio,vi1} =V(G) — {vi,v2,v3,...,V8,V13,V14,V15,...,Vi9} U
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{Wl,Wz,W3,...,W7,W10,W13,W14,W15...,ng}U{xl,XQ,X3,...,X7,X12,xl3,xl4,...,xlg}
R11 :RL{VH,VH) = V(G) — {V1V2,V3, ...y V9,V14,V15,V16y- - - ,V19}U
{Wl,WQ,W3,...,Wg,wll,W14,W15,W16...,WIQ}U{xl,XQ,X3,...,Xg,W14X15,X16,...,X19}
Ry = Rp{vi2,vi3} =V(G) — {vi,v2,v3,...,V10,V15, V16, V17, VI8, V19 } U

{wi,wa,ws, ..., wo, wi2,wis,Wie, W17, W18, W19 } U {X1,X2,X3,...,X9,X15X16,X17,X18,X19 }
Ri3 =Rp{vi3,vi4) =V(G) — {vi,v2,v3,...,V11,Vi6, V17, V18, VI } U

{wi,wa, w3, ..., w10, W13, Wi, W17, W18, W19 } U {X1,X2,X3,...,X10,X16,X17,X18,X19 }

R4 = RL{v14,v15) = V(G) — {Vl,V2,V3, e ,V12,V17,V18,V19}SSSSU

{wi,wa, w3, wi, wig, wiz, wig, wio f U {x1,X2,X3,...,X11,X17,X18,X19} Ri5 = RL{v15,v16) = V(G) —
vi,v2,v3,. V13,18, Vio U {wr, wa, w3, .. Wiz, wis, wig, wio } U {X1,X2,X3, ..., X10,X16,X17,X18,X19 }
Ri6 = Rr{vie,v17) =

V(G) —{viva,v3,...,via,vio} U{wi,wa,w3,...,wi3, wig,wig} U{x1,X2,X3,...,X13,X19}

R17 = RL{V17,V18) = V(G) — {V1V2,V3, R ,V15} U {WI,WZ,W3, . ,W14,W17} U {xl,XQ,)C3, . ,X14,W14}
Rig = Rp{vig,v19) =V(G) = {v2,v3,v4,...,vie} U{wa,w3,...,wig,wig} U{X1,X2,X3,...,X14}

Ri9 = Rp{vig,v1) =V(G) —{v3,v4,vs,...,vi7} U{w3,wa,ws,...,wi5,wi9} U{x2,x3,X4,...,X15}

From the above resolving neighbourhood, we see that ,the cardinality for each local resolving neigh-
bourhood R; we have for 1 </ <19 is 31, which is the minimum cardinalities from all other resolving

neighbourhoods R; for 1 <[ < 19 cardinality is 51 and for 20 <[ < 57 we have cardinality which is 58 and
19 13 13

we have for 58 <1 <95 is 52.Moreover, |J Rj9 = Vg —vo so, | U = 39| and |[R;N U R;| > |R;| ,next we
=1 =1 =1

define function or mapping y : v(G) — [0, 1] such that y(v;} = 1]—4 , thus by lemma 5.1.2, Consequently,

We have

1 57

dimppn(Gup) = Y — < =
431 31

Case-2: for p > 6, m = p> —3p + 1 thus,we have The possible local resolving neighbourhoods are

R (vo,v1),RL(vi,vis1) Re(u,v;), and Rp(v;,w;) clearly from the lemma 1 |R;| = |R{v;,v;41}| = p* —
, m m

5p*+9p—9 < |{R(uv)}| now VE(Gy;) and [{R(uv)}|N U R)| > |R)| Lety=| U R;| = p> —5p*>+9p—6
I=1 =1

and B = |R;| = |R;| = p® — 5p* +9p — 9 Now we define a function or mapping ¢ : vG — [0, 1] such that

m
% for ve UR,
=1

0 for veV(G)—
l

y(v) =

s

R,
1

Now we see that  is local resolving function for Gy;; because w(R{uv}) > 1 Yuv € E(G;II). To prove
this ,suppose on contrary that we have another resolving neighbourhood ¢,such that ¢ (u) < y(u) for
this at least one u € v(Gj;) and ¢ (u) #)y(u).Cnsequently, we have ¢ {R(uv)} > 1¥uv € E(Gy;) Where
R(uv) is the local resolving neighbourhood of Gy;; with Cardinality f Which is minimum .From this we
see that ¢ is not s local resolving function,so this is contradiction,thus we can say that y is a resolving
function which is minimal for Gy;;. By lemma 5.1.2, we assigning % to all vertices of Gy except vg and

. : 36524 105—
sum up all these weights we get: dimg,,, < 23/:1 < %.

5.1. Local Fractional Metric Dimension of GDW (m;q1,q2,...,qm)

Theorem :(a) If G = DW (p, q), for any p > 3, and ¢ = 0(mod 2). Then dim; ,.(G) = 1.
(b) If G = DW (p, q), for any p > 3, and g = 1(mod 2). Then dim f,..(G) = p.
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Proof:(a) Since the graph so obtained will be bipartite, thus
dl'mlfmc(G) =1.

Theorem 5.2.1:(a) If G = GDW (m;q1,42, - .. ,qm), forany m,n > 3,1 < p <m,n=0(mod 2) and ¢, = n.
Then

dimlfmc(G) =1.

(b) If G = GDW (m;q1,q92,- - - ,qm), forany m,n >3, 1 <i <m,n= 1(mod 2) and g; = n. Then
dimlfrac(G) =m.

Proof:(a) Since the graph so obtained will be bipartite, thus
dimlfmc(G) =1.

(b)Case 2:
(i) Whenm=3andg=>5

The local resolving neighbourhoods are given by
R{X2X3}:V( ) {V}U{xl7x27x3>x4}U{x17x27x37x4}
R2 = R{xx3} = V(G) — {v} U {x},x3,x3,x,} U {x7,%5 3,
=R{xx3} =V(G) — {v}uU{x],x}, x}, x} U {x], 3,53, 27 U {x], 63,43, 23 },
Rs = R{vl} = V(G) ~ {x}}.Rs = R{v23} = V(G) — (2} Rs — R{v:3} = V(G) - {3},
— R{ux}} = V(G) — {x}}Rs = R{vxi} = V(G) — {xL}.
Ry = R{vy} = V(G) — {3} Ro = Ry} = V(6) ~ (),
Rip = R{x1xz} V(G) — {x;}.Ri1 = R{xjx3} = V(G) — {x3}
Ri2 =R{x\x} =V(G) — {x3}.R15 = R{xjx;} = V(G) — {x{},
Ris = R{x3x3} =V(G) — {x1},R15s = R{x3x}} = V(G) — {x7}.

Among all the local resolving neighbourhoods, for 1 < u < 3, R; is having the minimum cardinal-

ity of 4. Whereas the rest of them for 4 < u <9 are having the maximum cardinality that is 12. Thus
3 3

U R, =V(G)—{v}and | U R,| = 12. Therefore, we define a mapping y : V(G) — [0, 1] such that

u=1 u=1

assigning 4 to all the vertices of G except {v} and by lemma 5.1.3, summing them all, we get

p
dimyfrac(G) = ¥ % = 14—2 =3.

u=

(i1)) Whenm =4 and g =5

The local resolving neighbourhoods are given by

= R{xéxé} =V(G)—{v}U {xl ,xz,x3,x4} U {xl,xz,x3,x4} U {xl ,x2,x3,x4},
Ry, = R{x%x%} =V(G)—-{v}U {xl,xé,x3,x4} U {xl7x2} U {xl,x‘é,xﬁ,xél}

= R{x%xg} =V(G)—-{v}U {x%,xi,xé,x}‘} U {x%x%,x%,xi} U {x?,x%,xg,xi},
R = R{c) = V(E) — (U (st el i} U (b o} U et
Rs =R{vx}} =V(G) — {x}},R¢ = R{vx;} = V(G) — {x}},
Ry = R{vy} = V(G) — {33} Ry = Ry} =V(G) — {13,
Ro = Rivat} = V(G) ~ s Rio = R{vx} = V/(6) — ).
Riy = R{wd} = V(G) — (hRi> = R{wd} = V(€) — (.
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Ri3 = R{x1xz} V(G) — {x;}.Ria = R{xjx3} = V(G) — {x3}
Ris=R{x X%} V(G) —{x3}.Ri6 = R{xx3} = V(G) — {x3},
Ri7 = R{xyx;} =V(G) — {x }.Ris = R{x3x} = V(G) — {x]
Ri9 = R{x}x}} = V(G) — {x{}.R0 = R{x3x3} = V(G) — {x}},

From the local resolving neighbourhoods given above, for 1 < u <4, R is having the minimum cardinality
of 4. Whereas the rest of them for 4 < u < 20 are having the maximum cardinality that is 16. Thus
L3J R, =V(G)—{v} and | L3J R,| = 16. Therefore, we define a mapping y : V(G) — [0, 1] such that

u=1
assigning 4 to all the VCI'UCCS of G except {v} and by lemma 5.1.3,summing them all, we get

(iii)) Whenm > 4,1 < p <mand g, = n.

The requisite local resolving neighbourhoods are for 1 < j < g, — 1, x” j x = and vxp Among all the local

resolving neighbourhoods, the sets w1th minimum cardlnahty are x;x} having the cardlnahty of n—1. As
we have seen in lemma 4.3.1 that U R,=V(G)—1and | U R,| = mn— 1. Suppose 6 = | U R,| and

u=1 u=1 u=

|R,| = @ Now, we define a mapping v : V(G) — [0, 1], such that

1 m
— for ve U Ry

om=4" e,
0 for veV(G)— U Ry

Thereby assigning the label % to all the vertices of G except {v} and by lemma 5.1.3, summing them all,
we get

. 8 1 m(n—1)
dimy frqc(V(G)) = ; 5= o =m

Theorem 5.2.2: If G = GDW (m;q1,q2,---,qm), Form,n>3,1<p<mand g, =n+ p— 1. Then
dimlfrac(G> =1.
Proof:

Case 1: If n = 1(mod 2).
(1) When m =3 and g1 = 3,92 =4 and g3 = 5.

The local resolving neighbourhoods are given by
= R{xixé} = V(G) o {V} U {X%,Xz,)%} U {x17x27x§7x43hx57x6}
Ry =R{x3x;} =V(G) — {V} U {xf 0} U {3, 05,0 ),
=R{xx3} =V(G) - {xg} Ry=R{xx3} =V (G)— {xg}
=R{x;x3} =V(G)— {x }.Re = R{x3 xg} V(G)— {x2
= R{uxl} = V(G) — {x}} Rs = R{wxl} = V(G) — {x}}.
Ry =R{vxj} =V(G) — {xj}.R10 = R{v}} = V(G) — {x3}.
Ri1 = R{x3x3} =V(G),R2 = R{x3x3} = V(G),
Ri3=R{»?} =V(G),Ri4 = R{vx3} =V (G).

Among all the local resolving neighbourhoods, R; is having the minimum cardinality of 2. Now,
we define a mapping v : V(G) — [0, 1] thereby assigning % to all the vertices in the set R; and summing
them all, we get

dimlfmc(G> = =3=1

1
272

[Rael

u=
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Notice that equality holds as there is only one and unique minimum local resolving neighbourhood.
(ii) Whenm =4 and q; = 3,92 =4, g3 =5 and ¢4 = 6.

The local resolving neighbourhoods are given by
=R{xjx;} =V(G) — {v}U {x%,x27x3} U {xl ,x27x§,x4,x5} U {x}, x5, x5, x4, %3},
Ry =R{xix}} =V(G) - {v} U{x},xi}U {)c1 x5, x5 T U {xt ,x‘z‘,xg‘,xﬁ,xs}
Ry = R{xjx3} = V(E) — {3).Rs = R{x} = V() ~ {xg).
— R{xgi3} = V(6) ~ {xi}Rs = R{x) = V(E) — {13}
R7 = R{vx%} =V(G)— {xz} Rg = R{vxi} =V(G) — {xi},
Ry =R{1x}) =V(€) ~ {xl}.Rw = R[vx3} =V(E) ~ (),
Rit =R{x(x3} =V(G),Ri2 = R{x3x3} = V(G),
Ri3 = R{x}x5} = V(G),Ria = R{x x%‘} V(G),
Ri5= R{xixésl} =V(G).Ris = R{»xj} =V(G),
Ri7=R{»3} =V(G),Ri3 = R{vx‘l‘} =V(G),
Ri9 = R{vx} = V(G). From all the local resolving neighbourhoods, It is found that R; is having the
minimum cardinality of 2. So, we define a mapping ¥ : V(G) — [0, 1] thereby assigning 3 to all the
vertices in the set R; and and by lemma 5.1.3, summing them all, we get

dimlfrac( ) Z 7=

Notice that equahty holds as there is only one and unique minimum local resolving neighbourhood.

Case 2: If n = 0(mod 2).
(i) Whenm =3 and g = 4,92 =5 and g3 = 6.

The local resolving neighbourhoods are given by
=R{x)x3} = V( ) = I U{x], 0,05 U], 0, 03,03, %33,

Rz = R{xjx3} = {x3}.Rs = R{x3x3} = V(G) — {x{},

— R{x}x}} = V(G).R: = R{}x}} = V/(C)

=R{xx;} = V(G).Rs = R{xjx3} = V(G)

= R{xx;} = V(G).Rs = R{x}x}} = V(G)
Ry = R{vx{} =V(G) — {x3}.R10 = R{vx3} = V(G) — {x3},
Ry = R{vx?} V(G)—{x}}.Ria = R{vxg} =V(G) - {xg}
Ri3 = R{xlxz} V(G).Ri4 = R{x3x3} =V (G),
Ris = R{wx7} =V(G) — {x3}.Ri6 = R{v3} = V(G) — {x7}.

Among all the local resolving neighbourhoods, R; is having the minimum cardinality of 4. Now, we
define a mapping y : V(G) — [0, 1] thereby assigning % to all the vertices in the set R and by lemma
5.1.3, summing them all, we get

. oy
dlmlfrac(G) = ;l ) == iy =1.
(ii)) Whenm =4 and g1 =4,qo =5,9q3 =6 and g4 = 7.

The local resolving neighbourhoods are given by
:R{x%xg}:V( )— {v}U{xi,xé,x%}U{x?,x%,x%,xi,xg}U{x‘f,x‘z‘,x?,xﬁ,x‘s‘,xg},
RZZR{Xéxi}:V( ) — {V}U{xhxévxé}u{x%vxgvx%7xﬁ}U{x?vx%’x;xi’xg}’
Ry = R{xix3} =V(G) — {x3}.Rs = R{x3x3} = V(G) — {x}}.
Ry =R{x{d} = V(G) — {xd} Ry = R{xx} = V(©) — {xt}.
Ry = R{x}x3} = V(G) — {x{}.Rs = R{x{xg} = V(G) — {x3},
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Ry =R{x}x3} =V(G),Ry = R{x3x3} = V(G)

Rs = R{x3x}} = V(G).,Re = R{xjxi} = V(G)

Ry = R{x{x}} = V(G),Rs = R{x3x3} = V(G)

Ry = R{vx{} = V(G) — {x3}.Ri0 = R{vx3} = V(G) — {x3},
Rii =R{vx}} =V(G) — {x3}.Ri2 =R{vx}} = V(G) — {x3}.
Ri3 =R{x3x3} =V(G),R14 = R{x3x3} = V(G),

Ris = R{wx7} = V(G) — {x3}.Ri6 = R{v3} = V(G) — {x7}.
Ris = R{vx|} =V(G) — {x3}.Ris = R{wxg} = V(G) — {x3}.

Among all the local resolving neighbourhoods given above, we have found that R is having the minimum
cardinality of 4. So, we define a mapping y : V(G) — [0, 1] thereby assigning % to all the vertices in the
set R and by lemma 5.1.3, summing them all, we get

4
dimlfrac(G> = Z % = j—t =1.

u=

Case IIl: Whenm >3, 1<p<mandg,=n+p—1.

The required local resolving neighbourhoods are for 1 < j < g, — 1, x?x? ., and vxf . The one with

minimum cardinality will be x;* x , where & = min{g,|1 < p <m} and @ = 1 (mod 2). This means that

the minimum local resolving neighbourhood will be one and unique with Ry = ot — 1 As we have seen in
m m m

lemma4.3.1that | R,=o—1and| J R,/ =a— 1. Suppose 6 = | U R,| = |R,| = @ Now, we define

u=1 u=1 u=1

a mapping y : V(G) — [0, 1], such that

% for ve Lnj R,
¢(V) = u=1 m
0 for veV(G)— U R,

u=1

Thereby assigning the label - to all the vertices of & and by lemma 5.1.3, summing them all, we get

1
o

: _ vyl _a-l_
dlmlfrac(V(G)) = Z = =1

(0] o—
Theorem 5.2.3:(a)quEG = GDW (m;q1,92;---,qm), Form,n>3,1 < p<mand g, =n+2(p—1). Then
dimlfrac(G) =1.
Proof: Case 1: If n = 0(mod 2).
Since the graph so obtained is bipartite as all the ¢; will be the cycle of even length, thus
dimlfmc(G) =1.

(b)Case 2: If n = 1(mod 2).
(i) Whenm=3and gy =3,gp =5and g3 = 7.

The local resolving neighbourhoods are given by

Ry =R{x{x}} =V (G) — {(v}u{x},x3,x3,x7 U {xd, 3,53, x3, 3,2}
,Ry =R{x3x3} =V(G) — {v}u{xl,xlbu{xd, x3,x3,x3, 3,2},

Ry =R{x3x}} =V(G) — (v} u{xl,xly U {x?,x3,x3,x3},
Ri—R{x}d} = V(G) — {2} ,Rs — R{x}3} = V(G) - {2},

Ro— R{xixi} = V(G) - {xi}.Ry — Rl } = V(G) - {xi},

Ry — R{x3x3} —V(G) — {1}.Ry — R{xixi} = V(G) — {x}}.
Rio=R{x3x}} =V(G) — {3 },R11 = R{wx]} =V(G) — {x}},
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Rip = R{vxi} =V (G) = {3 1.Ri3 = R{n} = V(G) — {3},
Ris =R{vxj} =V(G) — {x3}.Ris = R{wx}} = V(G) — {x3}.

Among all the local resolving neighbourhoods, R; is having the minimum cardinality of 2. We de-
fine a mapping y : V(G) — [0, 1] thereby assigning % to all the vertices in the set R| and summing them

all, we get
: 21
dlmlfrac(G) = Z 72 —23 = 1.

Notice that equahty holds as there is only one and unique minimum local resolving neighbourhood.

(ii)) Whenm =3 and q; = 3,92 =5,93 =7 and ¢4 = 9.

The local resolving neighbourhoods are given by
1 3.,3.3.3.3.3 4 4 4 4 4 4 4 4
=R{x[x}} =V(G) — {v}U{x], 53,3, x1} U {3, x3,03, x5, %3, %0 U {x}, x5, x5, x4, 4%, x¢ x5, x¢ ),

RZ—R{x%xg} V(G)— {v}U{xl,xz}U{x?,x%,x%,xi,xg,xg}U{x‘f,xé,xé‘,xﬁ,xg‘,xg,xé,xg},
= R} = V(6) v} Ol e} O (e O b

R4 =R{x{x} =V(G) — {v}Uu{x], X} U {a%,x3,x3,x7 U {x], 25,25, x5, x8 x¢ x5, x3
=R{x}x3} =V(G)— {xﬁ},R6—R{x3x3} V(G )—{xg},
R{xjx3} =V(G) — {Xg}»Rzé R{x2x3} V(G) —{xg},

R9—R{X§X§} V(G) - {X7}R10—R{x xﬁ} V(G) — {x1}.Ri = R{x3x3} = V(G) — {xg},

Ri> = R{x} xS} V(G) - {xl}R13—R{x W =V(G)— {3},

Ris = R{xx}} =V(G) — {xl}.Ri5 = R{xgx‘;} =V(G) — {x3}.Ri6 = R{x3x{} = V(G) — {x]}.R17 =
R{vx{} = V( ) —{x2},

Rig = R{vxl} V(G) — {x3}.R19 = R{vx}} =V(G) — {x}},

Ry = R{Vxl} V(G) —{x3}.Ro1 = R{vxy} = V(G) — {x1},

Ry = R{Vx4} V(G) — {x1}.R23 = R{vxg} = V(G) — {x{},

Rog = R{vxg} = V(G) — {x}},

Among all the local resolving neighbourhoods, R; is having the minimum cardinality of 2. We define
a mapping y : V(G) — [0, 1] thereby assigning % to all the vertices in the set R and by lemma 5.1.3,
summing them all we get

dimlfrac( ) Z 7=

Notice that equahty holds as there is only one and unique minimum local resolving neighbourhood.

(iii) Whenm > 3,1 <p <mand g, =n+2(p—1).

The required local resolving neighbourhoods are for 1 < j<g,—1, x xf i and vx . Among all the
resolving neighbourhoods x7¥ x¥ , where & = min{g,|1 < p < m} and oa=1 (mod 2) is having the
least cardinality. This 1mphes that the minimum local resolvmg nelghbourhood will be one and unique
with R = a — 1 As we have seen in lemma 4.3.1 that U R,=a—1and | U R,| = a— 1. Suppose

u=1

= U R,| = |R,| = ® Now, we define a mapping y : V(G) — [0, 1], such that

u=1

1 m
—  for ve U Ry

o) =4 " =
0 for veV(G)— U R,

Thus assigning the label % to all the vertices of & and by lemma 5.1.3, summing them all, we get
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dimyfrac(V(G)) =

_oa—1 __
_oz—l_1

TMe
el

1

5.2. Local Fractional Metric Dimension of GPW (m;q1,92,...,qm)

Theorem 5.3.1 Suppose G = GPW (m;q1,92,...,qm), form>3,n>6,1 < p <mand g, = n, then
diml_frac(G> =2m.

Proof:

Case I: Whenm =3,1 < p<3andg,=6.

The required local resolving neighbourhoods are given by:

Resolving Neighbourhoods Elements

R — R[] EEy
Ry = R{xid) (o )
Rs = R{c] (o)
Ry~ R{xhi} Gl
Ry — R{A) i)
Re = R{xix}} {x3,x3,x}}

Rr = R{xlx)) Gl ol
Ry = R{vic) R
Ry = R{x3x3} {3,533, 3,53}
Rio = R{x3x; } {2,203, 24,3}
Ry = R{x3xj} {23,233, x3}
Rz = R{x3x;} {05,031, x3}
Ri3 = R{xjxs} {x3,x4,x5, ¢ }
Ris = R{x3x3} {x3,x7,x3,x2}
Ri5 = R{xjx3} {x3, x5, %3, %2}
Ri = R{vx)} V(G) —{x},x3}
Ri7 = R{vx3} V(G) —{x{,x3}
Ris = R{vx3} V(G) —{x},x3}
Rig = R{vx3} V(G) —{x3,x5}
Rao = R{vx3} V(G) —{x3,x3}
Ry = R{vxj} V(G)—{x3,x]}
Ry = R{vx}} V(G) —{x}, x5}
Rz = R{vx3} V(G) —{x3,x3}
Ry = R{vxy} V(G) —{x3,x3
Ros = R{vxs} V(G) — {xj,x
Ry = R{vxg} V(G) — {x3,x¢
Ry7 = R{vxt} V(G)—{x3,x}
Rog = R{vx; } V(G) —{x)

Rag = R{vxj} V(G)—{x

R30 = R{vx}} V(G)—{x

Ryt = R{vx}) V(G) -~ {xl

Rz = R{vxZ} V(G)—{x2

R33 = R{vx}} V(G)—{x2

From the above resolving neighbourhood sets, the sets with the minimum cardinality are R; for 1 </ <6
that is 3, whereas the rest of the sets from 7 <[ < 33 are the sets having the higher cardinalities.
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Therefore, we define a mapping v : V(G) — [0, 1], such that assigning % to the vertices in the set

3 3
U1 R, = U1 {28, x4, xf, x¥,x¢ } thus by lemma 5.1.4, summing them all, we get
u= u=

: > 1 18
dln’Zlfmc(G) = Z 3=73 — 6.
u—=

Case II: Whenm=4,1<p<4andgq,=71.
The required local resolving neighbourhoods are given by:

Resolving Neighbourhoods Elements

Ry = R{x|x,
Ry = R{x{x3}
R3; =R{x}x3
R; = R{x{x}
R4 = R{xgx;}
Rs = R{xZx3}
Re = R{x}x3
R7 = R{xx3}
Ry = R{x;x3}
Ry = R{x3x3}
R10 = R{X%X%
Ry = R{x3x3}
Rip = R{xix}}
Ri3 = R{x3xi}
Ris = R{x3x}}
Ris = R{x}xj}
R16 = R{X}‘Xé}
R17 = R{xﬁx%}
ng = R{xixg}
R19 = R{xjxg‘}
Roo = R{xlxl}
Ro1 = R{xZx3}
Ry = R{xix3}
R23 = R{X;—‘)Cg}}
R24 = R{vxé}
R25 = R{VX%}
R26 = R{vxg}
Ry7 = R{vx3}
Rag = R{vx}}
Rao = R{vx3}
R30 = R{vx3}
R31 = R{ngt}
R32 = R{vx}t}
R33 = R{vxi}
R34 = R{in}
R3s = R{vxj}
R36 = R{vx%}
R37 = R{wx}

LAl
[.42,13}
b0}
o
504607
(x5, 08,27}
b, 0}
}i?’i?’i?}xl}
1942243244
{x%,x%,x%,xﬁ}
{x3, %5, 53,3}
{xélhxézl’xg?xi}
fd ol xd )
(. )
{9, 23, x,x3}
[t )
fd k)
{o3, x5, %3, ¢}
{03,03, 02, x¢ }
{3, x4, %3, x¢}
fd ol xd xh)
g, 0017}
{x4’x5’x67x7}
V(G) -~ fxl 2t}
G —{x%,x%}
)

SSSXSSSSS5553
He888a8a88a8a8
|
~—
=
w
&
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R33 = R{vxg} V(G) - {xi,xé
R3g = R{ng:} V(G) - {x%,x%
i Vo)~ (o
PR V(&) (e
6 5:%7
Ry4 = R{vxi} V(G)— {xé
i bE
46 = Ryvx -
R47 = R{VX‘}} V(G) - {xé}
Rys = R{vx;} V(G) —{xg
Ry9 = R{vx3} V(G) —{xg
Rso = R{VX%} V(G) - {xé
Rs; = R{vx3} V(G) —{xg}

As it is evident from the above resolving neighbourhood sets, that the sets with the minimum cardinality
are R; for 1 <[ < 6 that is 6, whereas the rest of the sets from 7 <[ < 51 are the sets having the higher

cardinalities Therefore, we define a mapping y : V(G) — [0, 1], such that assigning 3 L to the vertices in

4
the set U R, = U {x{,x5,x5,x4,x¢,x¢} hence by lemma 5.1.4, summing them all, we get
u=1

=38.

O\I— ’_‘

u=
4
dimlfrac( ) ;

Case IIl: Whenm > 3,1 < p<mand g, =n.

. . . p l)
The requlred local resolvmg neighbourhoods are XiXig

hoods x and x 1xp having the minimum cardmahty of 3. As we have seen in lemma 4.3.2 that

and vx . Among all the resolving neighbour-

U R,= U {xl,xz,x3, h—2sXp_1,%,} and | U R,| = 6m. Suppose & = | U R,| and @ = |R,| = ® Now,
u=1 u=1

we deﬁne a mapping v : V(G) — [0, 1], such that

1 m
w Jor ve URy

o(v) = =l
0 for veV(G)— U R,

u=1

Thus assigning the label L - to all the vertices of in the set U R, and by lemma 5.1.4, evaluating their sum,
=1
we get !
9]
dimlfmc(v(@)) = Z] L= 6§n 2m.

(0]

Theorem 5.3.2 Suppose G = GPW(m;q1,92,...,qm), form>3,n>6,1<p<mandq,=n+p—1,
then

dimlfrac(G) =2m.

Proof:

CaseI: Whenm =3, q; =4,9> =5 and g3 = 6.

The required local resolving neighbourhoods are given by:
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As we caan see from the above that the sets with the minimum cardinality are of 6 are R; for 1 </ <6,
whereas the rest of the sets from 7 </ < 39 are the sets with the higher cardinalities. Therefore, we define a

mapping Y : V(G) — [0, 1], such that assigning % to the vertices in the set | J
,<therefore by lemma 5.1.4, summing them all, we get

dimlfmc(G> =

3
L

u=

1
.0

Resolving Neighbourhoods

Elements

Ry = R{x]x}
Ry = R{x{x3}
Ry =R{x}x3
R4 = R{x3xg}
Rs = R{x2x?
Re = R{x3x}
Ry = R{x;x}}
Rs = R{x3x3}
Ry = R{x3x3}
R10 = R{x%x}‘}
R11 = R{X%X%}
R12 = R{X%Xi}
R13 = R{x}lxé}
R14 = R{xﬁx%}
R15 = R{xixg}
R16 = R{x%xg}
R17 = R{xgxg}
R13 = R{Xéx%}
R19 = R{vxé}
R20 = R{VX%}
R21 = R{vxg}
Ry = R{vx}}
Rz = R{vx3}
Ros = R{vx3j}
R25 = R{vx}‘}
R26 = R{VX%}
R27 = R{vxi}
Rzg = R{vxé}
R29 = R{VX%}
R30 = R{vxi}
R31 = R{wxz}
Ry = R{vx}}
R33 = R{VX%}
R34 = R{vx%}
R35 = R{VX%}
R36 = R{vx?}
R37 = R{vx}}
Rsg = R{vx3}
R3o = R{vx3}

_ 18 _
=183

e
txxp, 30
RN
e
{x6’x7’x8}
{x%,x%,x%,x}l}
{xf,x3,x3,x3}
{x3,29,03, %3}
fd ol il
(22,2, )
{9, %3, x3,23}
{x3, x4, x5, ¢}
{03, x5, x3, ¢}
{03,03, %3, %2 }
{og, 03, %8, %7}
{0g,03,x5, 5}
{xg,xg,xg,xg}
V(G) - {xl 2}

SIS SIS <<<<<<<<<

3 3

R, = U {x,x5, x5, x4, x4, x¢}
u=1 u=1
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Case II: Whenm =4, g1 =6,90 =7,q3 =8 and g4 = 9.
The required local resolving neighbourhothus by lemma 5.1.4,0ds are given by:

Resolving Neighbourhoods Elements

Ry =R{x|x,}
Ry = R{x{x3}
R3 = R{x{x3}
Ry = R{x{x3}
Rs = R{xgxg }
Re = R{xgx7}
Ry = R{xyx3}
Rs = R{xgxs}
Ry = R{xyx;}
Rio = R{x3x3}
R11 = R{x%xg
R12 = R{X%x%}
R13 = R{x%x}‘}
R14 = R{x%xi}
Ris = R{x3x}}
Ri6 = R{x3x}}
Ri7 = R{xlx!}
Rig= R{xix%}
Rig = R{xixg
R20 = R{xix‘s‘}
R21 = R{x%x%
R22 = R{ngg}
R23 = R{xg‘xg}
Roy = R{xgx%
R25 = R{xgx‘;}
Ro6 = R{x3x3}

{x{,xé,xé}
{x, 23,23}
{x, 25,23}
hee
}xé,xg,xg{
X5,X¢, X5
(58,3}

4 4 4
{x7,x5,%0}
{x%,xé,xg,xé{}
{xi,x5,03, 21}
{xf,23,23,24}
{23,334, 73}
{x3,23, 47,3 }
{23, 03,23, %3}
%x‘%,x%,x%,x%

X3, X4, X5, X0
{23,323, x¢}
{23, 43,23, xg }
{23, x3.05, ¢}
{xﬁ,x%,x%,x%}
geen
e
b a7 g
{x5,x6,%7,xg }
{x6, 03,25, %5}

Ry7 :R{vxé} V(G) _{x%7x%}

Ryg = R{vx3} V(G) —{x{,x3}
Ryg = R{vx3} V(G) —{x),x3}
R30 = R{vx;} V(G) —{x{,x3}
R31 = R{vx3} V(G) —{x, x4}
Ry = R{vx3} V(G) — {x3,x3}
Rs33 = R{vxj} V(G) —{x3,x]}
R3s = R{vx3} V(G) — {x3,x3}
R3s = R{vxy} V(G) — {x3,x5}
R36 = R{vxj} V(G) —{x3,x3
R37 = R{vx}} V(G)—{x3,x3
R3g = R{vx} V(G) = {x3,x3}
R39 = R{vxi} V(G) —{xy,x¢}
Rao = R{vx} V(G) —{x3,x2
R4 = R{vxi} V(G)—{x3,x;
R42 = R{vxg‘} V(G) — {xi,xg
R4z = R{vxZ} V(G) — {x3,x3
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Rus = R{vx%} V(G)— {x%,xi
Rys = R{vxg} V(G)— {xg,xg
Ry6 = R{VXZ} V(G)— {xg,x§
Ry7 = R{vxz} V(G)— {xg,xEgl
Ryg = R{vx§} V(G)— {x?x9
R49 = R{Vx]} V(G) — {x2
Rsop = R{vxi} V(G)— {xé
R51 = R{vxl} V(G) - {xz
Rsy = R{wx}} V(G) —{x3}
Rs3 = R{vx}} V(G)—{x!
Rsq = R{vx7} V(G)—{xg
Rss = R{vx3} V(G)—{x
Rsg = R{vxi} V(E) -

As it is evident from the above that the resolving neighbourhoods with the minimum cardinality are
R; for 1 <[ < 6 that is 3, whereas the rest of the sets from 7 < [ < 56 are the sets having the higher

cardinalities. Therefore, we define a mapping y : V(G) — [0, 1], such that assigning ¢ to the vertices in

24 24
the set U R, = U {x{,x5,x§,x4,x%,x¢} thereby by lemma 5.1.4,summing them all, we get
u=1

u=1
6
dimlfmc(G) = Zl% = % =38.
u—=

Case III: Whenm >3, 1 <p<mandg,=n+p—1.

The possible local resolving neighbourhoods are x‘;’x‘? 4 and vxi.7 . Among all the resolving neigh-

bourhoods x7xy and x? _,x}, having the lowest cardinality of 3. As we have seen in lemma 4.3.2 that

U R, = U{xl,xz,x3, h_2:X,_1:Xp} and | U R,| = 6m. Suppose 0 = | U R,| and ® = |R,| = ® Now,
u=1

we deﬁne a mappmg y:V(G)—10,1], such that

m
% for ve URy

¢(v) = =
0for veV(G)— U Ry

p
Thereby assigning the label % to all the vertices of in the set |J R, and by lemma 5.1.4, manipulating
u=1
their sum, we get

. J 1 6
dimy frqc(V(G)) = ;1 =3t =2m

5.3. Local Fractional Metric Dimension of GWW (m;q1,¢2,...,qm)

Theorem 5.4.1 Suppose G = GWW (m;q1,92,...,9m), form>3,n>3,1<p <mand g, = n, then

M for qp,=1 (mod 2)

di rac G) = n-l
imifrac(©) {mfor for q,=0 (mod 2)

Proof:
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Case I: Forn =1 (mod 2)

(1): Whenm=3,1<p<3andg,=35.
The required local resolving neighbourhoods are given by:

Resolving Neighbourhoods Elements
—R{xlT) ISy
R, = REA)} Pt g )
— R{x{x)} i)
R =Rist) fxd ol ol )
= R{nx) {9, 03,1}
R6 = R{x2x3 {x},23,3, %3}
R{x3x4} {xé’xé7xéll7x5}
R{x3x4 {xz,x3,x4, x5}
= R{x3x}} {xz,x3,x4,x5}

R10 = R{xix%}
R11 = R{xix%}
R12 = R{xixg}
Ri3 = R{xjxg}
Rig = R{xjx3}
Ri5= R{x3x5}

Ri7= R{vx%}
Rig= R{vx?}

Rio = R{vx)}
R20 = R{VX%}
R21 = R{vx%}
R22 = R{Vxé}
R23 = R{vx%}
Ros = R{vx3j}
R25 = R{vx}t}
R26 = R{in}
R27 = R{in}
R28 = R{VX%}
R29 = R{vx%}
R3() = R{ng}

{x1=X§ax47x5}
{x1ax37x47 }
{xl’x3’x47 }
{x%,x%,x%,xg}
{x{. x5, x5, x5}
(oo}

V( ) — {Xvaz}

SSESSSSSSSS=S==3
@@@@@@@@@@@@@v
|

From the above resolving neighbourhood sets, the sets with the minimum cardinality are R; for 1 </ <15
that is 4, whereas the rest of the sets from 7 <[ < 33 are the sets having the higher cardinalities.
Therefore, we define a mapping y : V(G) — [0, 1], such that assigning le to the vertices in the set

U Ry = {x{,x5,x§,x},x¢} and by lemma 5.1.5, summing them all, we get
u=1

: 3 15
dlm[frac(G) = ; =7

_
ENT

(i) Whenm=4,1<p <4 and g, = 5.
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The required local resolving neighbourhoods are given by:

Resolving Neighbourhoods Elements

Ry =R{x|x;}
Ry = R{x{x3}
R3 = R{x}x;}
Ry = R{x}x}
Rs = R{x;x}}
Re = R{x3x3}
R; = R{x3x3}
Rg = R{x%xg
Ro = R{x3xy}
Rio = R{x3:3}
Rit = R{xjx}}
Rix = R{x3xj}
Ri3 = R{xxs}
Ris= R{xﬁx%
R15 = R{xixg}
R16 = R{xjxg}
Ri7 = R{xjxs}
R18 = R{X%X%
Rig = R{x)x3}
Rao = R{xjxs}
Ry = R{vx%}
Ry = R{vx%}
Ryz = R{vx?}
R24 = R{VX?}
R25 = R{vxé}
R26 = R{VX%}
R27 = R{ng}
Rog = R{vx‘zl}
Ry = R{vxé}
Ryp = R{vx%}
R3 = R{vxg}
R32 = R{ngt}
R33 = R{vx}t}
R34 = R{in}
R3s = R{vx}}
R3¢ = R{vx}}
R37 = R{vxl}
Rsg = R{vx}
R39 = R{ng}
R40 = R{ng}

ey
(.22, 12}
(1,29, 05,05
b e )
.0,
o
{x1ax27x3ax4}
e
e
el
R
{x,x3,x3, x5
[0}
[ o)
] xd )}
(.20, )
by 2
{x17x27x47x5}
V(G)— {xxl)
V(G)— {x%,x%
{2}

SSSSSSSSSES55S======3

282220aaeereeeaaeaeaa
L
Nkw
-lkkw
——

As it is evident from the above resolving neighbourhood sets, that the sets with the minimum cardinality
are R; for 1 <1 <20 that is 4, whereas the rest of the sets from 21 <[ < 40 are the sets having the higher
cardinalities. Therefore, we define a mapping v : V(G) — [0, 1], such that assigning % to the vertices in
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4
the set J R, = {x{,x},x5,x4,x4} lemma 5.1.5, summing them all, we get
u=1

20

0 _ 5,

. 4 1
dlmlfrac((G) =X 17—

u=1

(iii) Whenm > 3,1 <p<m,n>3,n=0 (mod 2) and g, = n.

The local resolving neighbourhoods of G are xfxf 11> and vx;. Out of these the set with minimum

Py

X1 with |Ry| = |R{x"x

cardinality is x X1

p P
H=n—1and U R, = U {x|1 <k < p}. Therefore, let
u=1 u=1
p
0=|U Ry =mnand ® = |R,| =n— 1. Now, we define a mapping v : V(G) — [0, 1], such that
1

u=

% for ve Lanu
o(v) =,

veV(G)— U R,

u=1

0 for

. Assigning all the vertices of G except {v} the label % and by lemma 5.1.5, calculating their sum, we get

P
dimlfrac(G> = 21%
u=

mn
n—1°

(1): Whenm=3,1<p<3andg,=06.
The required local resolving neighbourhoods are given by:

Resolving Neighbourhoods Elements
.1 T T T .1 11
Ry = R{x;x;} {x1,%0,%3, X4, X5, % }
_ 2.2 2.2.2.2 2 2

3.3

R :R{x%xg} {x%,x%,x3,x4,x§,xg}

Ry = R{x3x}}
Rs = R{x3x3}
Re = R{x3x3}
Ry = R{xix;}
Rs = R{x3xj}
Ry = R{xix3}
Rl() = R{xix%}
Rll = R{xﬁx%}
R12 = R{xixg}
R13 = R{x;xé}
Ris = R{xix2}
R15 = R{xgxg}
R16 = R{x%xé}
R17 = R{x%x%
ng = R{x%xg}
R19 = R{vx}}
Rz() = R{VX%}
Ry = R{vx}}
Ry = R{vx}}
Ry = R{w3}

{ox}, %, %3, 04,5, %}
{x{, 3, 23,23, x5, xg )
)
{7, x5, x3, X5, 5, %6 }
{3,030, g }
{o}, .03, 24,35, %}
{9, 3, g, x5, 3¢ }
{f,0,03,23, 03, g}
{x}s29, 203,24, x5, xg }
{23, 23,23, 03, 5}
{3, 23,05, x5, xg}
{o} %, 303,34, %5, % }
{9,032, 45, g }
{1, 0,03,09, 25, x5}

V(G) — {xg.x3}
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Roy = R{vx3}
R25 = R{vxé}
R26 = R{vx%}
R27 = R{vx%}
Rzg = R{Vxéll}
R29 = R{in}
Ry =R{vx}}
R31 = R{vxl}
Ry = R{vx%}
R33 = R{V)Cg}
R34 = R{vxé}
Rs3s = R{vxz}
R36 = R{ng}

=
——— )

=
—0 W

——

|
A —

=

Y

-

N

|
—
=
v
=
~

|
=
B
=
(o)

haahaahahh®
|
o><

SSssSsssssSsSsSsSs
|
——
T
“><
N

From the above resolving neighbourhood sets, the sets with the minimum cardinality are R; for 1 </ <18

that is 6, whereas the rest of the sets from 19 <[ < 36 are the sets having the higher cardinalities.
Therefore, we define a mapping y : V(G) — [0, 1], such that assigning % to the vertices in the set

3
U Ru =
u=1

3

U {x},x5,x5,x4, x4, x¢} and by lemma 5.1.5, summing them all, we get

u=1

3
dimy frac(G) = )y L=3%_—4.
u=

(i) Whenm =4,1 < p <4 and g, = 6.

The required local resolving neighbourhoods are given by:

Resolving Neighbourhoods

Elements

Ry = R{xx;}
Ry = R{x{x3
R3; =R{x}x3
Ry = R{x‘l‘x;1
Rs = R{x)x3}
Rg = R{x3x3
Ry = R{x)x3}
Rg = R{x3x3}
Rg = R{x%x}l}
Rio = R{x3x3}
R]] = R{X%Xi
Ry = R{x‘éxﬁtl
Rz = R{xix%}
Riu= R{xix%}
R|5 = R{xixg’}
Ris = R{xjx5}
Ri7 = R{xixy}
Rig = R{x3xg}
R|9 = R{xgxg
Ry = R{xg‘xg

T 1 1T .1 . 1.1
ey
{361,%3, 43, X4, X5, X |

3.3.3.3 .3 3
{xéll,xé%’x?t’xi,xésl’xg}
MR e
{x]5 X0, X3, Xy, X5, X¢ }

{3,030, 45, 5}
{3,080, 03,6}
{x],3,45, %5, 65,6}
{x]0g,03,%5, %3, %6}
{oxf3,3,0, 03, g}

3.,3,3.3.3.3
{x}{x‘z‘?xz;xi?-xivxg}
N e
{10, %3, x4, x5, X6 }

{3,030, 45, )
{3,084, 03,66}
{x]:3,45, %5, 63,6}
{o]s 0,203,254, %3, %6}
{53,033, xg}

3.3.,3.,3 .3 .3
{x7, 25,03, x5,x2,x¢ }

4 4 4 4 4 4
{x7,x5,25, %4, x5, x¢ }
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Ry = R{x|x}}
R22 = R{x%x%}
R23 = R{x%xg}
R24 = R{x‘fxg}
Ros = R{vx}}
Ry = R{vx?}
Ry7 = R{vx}}
Rog = R{vx}}
Ra9 = R{vx}}
R30 = R{WC%}
R31 = R{V)C%}
R32 = R{ng}
R33 = R{VX%}
Ry = R{vx3}
R35 = R{ng}
R3s = R{vx3}
R37 = R{vx}}
R38 = R{in}
R39 = R{in}
R40 = R{in}
R41 = R{ng}
Ryp = R{vx3}
R4z = R{vx3}
Ras = R{vx¢}
R45 = R{V)Cé}
R46 = R{V)C%}
R47 = R{ng}
R48 = R{ng}

1,1 .1 .1 .1 .1
{x17x27-x37-x47x57-x6

{,43,03,33, 43, %
{05,203, 03,23, xg
{x, 23,23, 24,45, x5}
V(G) — {xg: %y}
V(G)— {x%,x%}

| |
— —
= =
4 -
= =
N {9%)
—

|
—~
=
{98
=
N
—

| |
— —
£ Y
= =
N G
—

S SIS S=<<<=<<=<=<<<<<<
|
~—
Bt
b
——

N N N~ N~ N~ ™~~~ ™~~~ o~~~

G EEEEEEEEEEEEEEEEEEEE
HIH |
w><
e

As it is evident from the above resolving neighbourhood sets, that the sets with the minimum cardinality
are R; for 1 <[ <24 that is 6, whereas the rest of the sets from 25 <[ < 48 are the sets having the higher
cardinalities. Therefore, we define a mapping v : V(G) — [0, 1], such that assigning % to the vertices in

4
the set U R, =
1

u—

6:
dimlfrac(G> = ;l

6

Rl— =

24 _
=% =4

U {x},x5,x5,x4,x%,x¢} and from lemma 5.1.5, summing them all, we get

(iii)) Whenm > 3,1 < p<m,n>3,n=1 (mod 2) and ¢, = n.

The possible local resolving neighbourhoods of G are x

PP ) p.p
iXj+1> and vx;. Among these set R{x}x} ;}

P P
is having the minimum cardinality, that is [R,| = [R{x{x”,  }|=nand U R,= U {x{[1 <k < p}. There-
u=1 u=1

Jj+1

p
fore, let § = | U Ry| = mn and @ = |R,| = n. Now, we define a mapping y : V(G) — [0, 1], such that

u=1

¢(v)

1 m
o Jor ve ML:JIRM
0 for veV(G)— Lanu

u=1
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. Assigning all the vertices of G except {v} the label % and from lemma 5.1.5, calculating their sum, we

get

P
dimlfmc( ) ; %: n =m.

Theorem 5.4.2 Suppose G = GWW (m; q1,q>, .- ..

then

dimlfmc(G) =

Proof:

Casel: Whenm =3,q; =4,g =5 and g3 =
The required local resolving neighbourhoods are given by:

n

2n+1

6.

Resolving Neighbourhoods

Elements

R{x1x2
Rz = R{x3x3}
- R{xlx]}
Ry = R{x3x3}
= R{xyy}

Re = R{x3x3}
R7 = R{xx;}
R{xix%}
R9 = R{x}x3}
Rio = R{x}x3}
RH = R{x%x%}
R12 = R{x%xi}
R13 = R{xixg}
R14 = R{xgxg}
R15 = R{x?xg}
R16 = R{WC%}
R17 = R{vx%}
ng = R{V)C?}
ng = R{vxé}
R20 = R{VX%}
Rz] = R{VX%}
Ry = R{vxl}
Rz = R{vx3}
Ros = R{vx3}
R25 = R{in}
R26 = R{vxﬁ}
R27 = R{in}
Rzg = R{vx%}
R29 = R{ng}
Ry = R{vx}}

{xpxp,03,24}
{xf,03,23, 3 }
{x), 25,03, x4}
{x%,x%,x%,xﬁ}
{x17x27x3ax4}
{xZ,x3,x4, }
{xl’xéﬂx%ﬂﬂ}
{x17x37x4= }
{x1ax27x4= }
I
{5,233, 33,0 }
{05,203, 03, 22, xg }
{05,203, 03,23, xg }
{2,005, 23,05, %3, ¢ }
e
V( )— {x27x4}
{x27 }

| |
— —
= =
D= W
= =
w INES)

|
—
=
9 L
=
19, § OS]
—

SIS <S<S<SI<SI<SI<SI<<
|
~—
=
e
I~

@@@@@@@@@@@@@:
-
NXL')
KR

|
—
e
w
W
—

As we can see from the above that the sets with the minimum cardinality are of 4 are R; for 1 <[ <9,

whereas the rest of the sets from 7 < < 30 are the sets with the higher cardinalities.

Therefore,
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9
we define a mapping v : V(G) — [0,1], such that assigning % to the vertices in the set |J R, =
u=1

{x%,x%,x%,xi,x%,x%,x%,xﬁ,x%} and summing them all, we get

: 2 1 9
dlmlfrac(G) = Zl ) == 7
u=

Case II: Whenm =4, g1 =4,90=5,q3 =6and g4 = 7.
The required local resolving neighbourhoods are given by:

Resolving Neighbourhoods Elements

Ri = R} nEEy
R2 = R{X%X%} {x%,x%vxgaxg}
R3 = R{x}xl} {x],2, 03,34}
Ry = R{xis fadd)
Rs = R{xéx}t} {X{,Xéaxéaxi}
Ro— R{xix] R
R7 :R{X%X}‘_} {x%7xévx;,ax411}
Rs = R{x7x2} {xf,x3,x5,x3}
Ry :R{X%Xg} {X%7x%7x421>x§}
Rio = R{x{x3} {x],23, 03,33, 03, 4}

R11 = R{x‘fxg}
Ri2 =R{x3x3}
R13 = R{x§x§
R14 = R{x%xi}
R15 = R{xgxﬁ}
Ry = R{x}x3}
Ri7 = R{x}x%
Ris = R{xix}}
Rig = R{x2x¢}
R20 = R{X?X%}
R21 = R{xgx%}
R22 = R{x‘fx%}
R23 = R{vx}}
R24 = R{vx%}
R25 = R{vx?}
R26 = R{WC‘I‘}
Ry7 = R{vx}}
Rzg = R{VX%}
R29 = R{V)C%}
R30 = R{ng}
R31 = R{VX%}
Ry = R{vx3}
Ry =R{vx3}
Ry = R{wx3}
R3s = R{vx,}
R36 = R{vxﬁ}
R37 = R{in}
R38 = R{in}

{x‘l‘,x%,xg,xi,xg,x%}
{xi,xé,xg,xé,xg,xg
{x%7x%’x%’x§’x§’x%}
A R
{x]5 x5, X3, x4, X5, x¢ }

{x3,25, x4, x5, X6, X7 }
{x], x5, x4, %5, xg, 7 }
{05,003, 33,43,

{xf,25,25,48, g, 27 }
fehod o )

V(G) = {x3.x4}

V(G) —{x3,x2
V(G)—{x,x3}
V(G) —{x,5
V(G) — {x],x}
V(G) - {x%vx%
V(G) —{x},x3
V(G) —{x{,x]
V<G) - {x;,x}l
V<G) - {x%,xi
V(G) —{x3,x]
V(G) —{x,x
V(G) — {x],x}
V(G) —{x3,x%}
V(G) — {x3,x3}
V(G) —{x3,x5}
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R39 = R{vx?} V(G) —{x3,x2
R4 = R{vx3} V(G) —{x3,x;
Ry = R{vx%} V(G) — {x5,x¢
Ry = R{vx}} V(G)—{x},x3}
Ryz = R{vx¢} V(G) — {x3,x3
Rys = R{vx3} V(G) —{x},x}

As it is evident from the above that the resolving neighbourhoods with the minimum cardinality are R;
for 1 <1 < 10 that is 4, whereas the rest of the sets from 11 <[ < 44 are the sets having the higher

cardinalities. Therefore, we define a mapping y : V(G) — [0, 1], such that assigning ¢ to the vertices in
10

the set J R, = {x! ,xz,x‘l,,x}wc%,x%,x%,x47 } and by lemma 5.1.5, taking their sum, we get
u=1

dimlfrac( ) Z JT: 7

(iii) Whenm >3, 1 <p<m,n>3and g, =n+p—1.

PP

The possible local resolving neighbourhoods of G are x Xiv1

and vx;. Among these sets the sets with

the minimum are R{x 1} where 1 < p <2, thatis |R,| = |[R{xx

r p—1 .p
i jH}]:nand UIRM:{xk X 1<
u=

p<21<k<p—1A1<I<p}. Therefore, let § = | URM|:2n+1anda):|Ru|:n. Now, we
u=1

define a mapping y : V(G) — [0, 1], such that

m
L for ve URy

om=1" =,
0for veV(G)— U Ry

p
. Assigning all the vertices in the set |J R, the weight % and by lemma 5.1.5, calculating their sum, we
u=1

get

P
dimlfrac( ) Z %: 2n+1

Theorem 5.4.3 Suppose G = GWW (m;q1,492,...,qm), form>3,n>3,1<p<mandg,=n+2(p—1),
then

dimlfrac(G> =1.

Proof:

Proof:
Case I: Forn =1 (mod 2)

(i): Whenm =3,q; =3,qo =5and g3 =7.
The required local resolving neighbourhoods are given by:

Resolving Neighbourhoods Elements
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R =R{xjx, {xp 02}
Ry = R{xyx; {33}
Ry = R{xjx; {x} 3}

R15 = R{x?x%

{x%,x%,x%,x%}
{x%,x%,x%,xi}
{x3.03,23, 23}
{Ji,xg,x;,xg}
P |
{x,x,05, 03, x5, 7 }
{x%,x%,x%,xé,x%,xg}
Crae )
e
{x1, 25,05, %2,xg, %7 }

3.3.3.3.3 .3
{25,035, %2, X2, X7 }

Ri¢ ZR{VX%} V(G)—{xi,xé}

Ri7 = R{vx{} V(G) — {x3,x5}
Rig = R{vx}} V(G) — {x3,%3}
Rig = R{vx}} V(G) —{x,x3}
Rao = R{vx3} V(G) —{xf,x3}
Ry =R{vx3} V(G)—{x},x3}
Ry = R{vx}} V(G) —{x],x}
Ry; = R{wx3} V(G) — {x3,x2
Ros = R{vx3} V(G)—{x3,x]
Ros = R{vxj} V(G) —{x3,x3}
Rys = R{vx;} V(G) —{x3,x3}
Ry7 = R{wz} V(G) —{x1,x;
Rog = R{vx3} V(G)—{x},x}
Rog = R{vx}} V(G)—{xi,x3
Ry =R{vx3} V(G) —{xj,x}

From the above resolving neighbourhood sets, the sets with the minimum cardinality are R; for 1 </ <3
that is 2, whereas the rest of the sets from 7 <[ < 30 are the sets having the higher cardinalities.
Therefore, we define a mapping v : V(G) — [0, 1], such that assigning % to the vertices in the set

3 3
U R, = U {x},x},x1} and from lemma 5.1.5, summing them all, we get
u=1 u=1

: 3 1 3
dlmlfrac(G) = Zl 7=7-
u=

(i1)) Whenm =3, g1 =3,920 =5,93 =7 and g3 = 9.
The required local resolving neighbourhoods are given by:

Resolving Neighbourhoods Elements
R, = R{xix%} {xi,x%}
Ry = R{xx3} {x3.x3}

Rs = R{x{xj} {x1.13}
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R4 = R{xzxz}
— R{x}x}}

R6 = R{x3xj}
~ R{xi)

~ R{xi)

= R{x}x3
Rio =R{x3x3}
Ri1 = R{xjx}}
Rip = R{x}x3}
R13 = R{ngg}
R14 = R{xgx%}
Ri5 =R{x{x3}
Ris = R{x]x3}
Ri7 = R{x3x%}
Ris = R{x3x}}
Ri9 = R{x{x?}
Ry = R{xx¢}
R21 = R{ngé}
R22 = R{X#Xé}
R23 = R{ngg}
R24 = R{x‘l‘x‘g‘}
R25 = R{vx%}
R26 = R{vx%}
Ry = R{vx}}
Rzg = R{VX?}
R29 = R{vxé}
R30 = R{VX%}
R31 = R{vx%}
Ry = R{vx3}
R33 = R{vx}}
R34 = R{vx3}
R35 = R{vxg}
R36 = R{ngt}
R37 = R{vxﬁ}
R38 = R{vxi}
R39 = R{ij}
Rao = R{vx}
R41 = R{vx3}
Ryp = R{wx¢}
R43 = R{ng}
R44 = R{ng}
R45 = R{VX%}
R46 = R{vx‘%}
Ry7 = R{vxg}
Rug = R{vx3}

{xl,xz,x3, }
{x1’x27x%7x421}
{x3,23, 33,23

()

{30, 2)
12,03, %, 20,07}
R
R B Rl
1235, Ty X 7§
{x%,x%,xg,xg,xg,xg}
R R B U
{xl>x27x37x4’x57x77x87x9}
{xlaxéz"xgvxiﬂx&x@x& }
{x1=x§vx§7x1=x57x67x77 }

{x1w‘z‘ﬁé‘ﬁiﬁé‘ﬁéawﬁcg}
{xz,x3,x4,x§,x‘6‘,x‘7‘,x8,x9}
{3,235, X, 47, x5, %o }
{xf,25,25,33, %627, 43, %o }
{25,235, X, 47, X3, %o }
],23,5,33, X, 7. 05, %5}
V( ) — {x27x3}

{x27 }

{x2»x7}
{x2»x9}

SSESSSSSS3SS5333=32=2=2=====

@@@@@@@@@@@@@@@@@@@@@@v
|

As it is evident from the above resolving neighbourhood sets, that the sets with the minimum cardinality
are R; for 1 <[ <3 that is 2, whereas the rest of the sets from 4 <[ < 48 are the sets having the higher
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cardinalities. Therefore, we define a mapping v : V(G) — [0, 1], such that assigning % to the vertices in

3
the set J R, = {x,x},x}} and by lemma 5.1.5, summing them all, we get

u=1

. 3 1 3
dlmlfrac(G) = Z 3 = 5-

u=1

(iii) Whenm >3, 1 <p<m,n>3,n=1 (mod 2) and g, =n+2(p—1).

p.p
Vi JRIENE
cardinality is x{x? 1 Where ¢j, = min{g,|1 < p < m}. Therefore, in this case, there will be g), resolv-

The local resolving neighbourhoods of G are x and vx;. Out of these the set with minimum

ing neighbourhoods with minimum cardinality that are x‘? xf L with \R{xfxf 1| = n— 1. Therefore, let
gp| = 6 and ® = |¢), — 1|. Now, we define a mapping y : V(G) — [0, 1], such that

¢(v) = X m
0 for veV(G)— U R,

u=1

1 m
—  for ve U Ry
u=1

p
. Now, after assigning the label % to all the vertices in the set |J R, and by lemma 5.1.5, summing all the
u=1
labels, we get

dimlfrac((G) =

Mo

el=
I

S

=

Case II: For n =0 (mod 2)
(i): Whenm =3, q; =4,9» =6 and g3 = 8.
The required local resolving neighbourhoods are given by:

Resolving Neighbourhoods Elements

Ry = R{x|x,
Ry = R{xyx3}
Ry = R{x;x}
Ry = R{xjx}
Rs = R{x{x3}
Re = R{x3x3}
Ry = R{x3xj}
Rs = R{xjx3}
Ro = R{x3xg}
Rio = R{x}xZ}
Ry = R{x{x3}
Ry =R{x3x3}
R13 = R{X%Xﬁ}
R14 = R{xixg}
Ris = R{xix}}
Rio = R{x}x3}
Ri7 =R{x3x3}
Ris = R{xx}}
Ri9 = R{vx}}

{x%,xé,xé,x)l}
{x},x%,x%,x}l}

e xd )

] xd )

[2.03,2, 2,2, 2}

T g

T g
TR g

T g
10102003 64 X X 7,
{03,034 X X 7,
S B e e
13029, % T X 7, 3
102,03 % T X 7, 3
11022, % T X 7, 3
{x%,x%,x%,xg,xg,xg,x77x§}
{xi, x5, X3, X7, X35, X, X3, X }

V(G) — {x},x}}
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Ry = R{vx?} V(G) —{x3,x%}
Ry = R{vx}} V(G)—{x3,x3
Ry = R{vxy} V(G) —{x1.x;
Ry3 = R{vx3} V(G) —{x{,x3}
Ros = R{vx3} V(G) —{x],3}
Ros = R{v] ) V(G)— {1}
Rog = R{vx3} V(G)—{x3, 43
Ry7 = R{vxj} V(G)—{x3,x]}
Rog = R{vx;} V(G) —{x},x3
Rao = R{} V(6)— )
R30 = R{vx}} V(G) —{x3,x3
Ry = R{vx%} V(G) - {xi,x%
R = R{vxi} V(G)—{x3,x3}
R33 = R{wxZ} V(G) — {x7,x3}
Ry = R{vx}} V(G)—{xi,x3
R3s = R{vx3} V(G)—{x3,x3}
R36 = R{vxg} V(G) —{x}, %7

From the above resolving neighbourhood sets, the sets with the minimum cardinality are R; for 1 <[ <4
that is 4, whereas the rest of the sets from 5 <[ < 36 are the sets having the higher cardinalities.

Therefore, we define a mapping y : V(G) — [0, 1], such that assigning ; to the vertices in the set
4 4

UR.,= U {x%,xé,xé,x}‘} and from lemma 5.1.5, summing them all, we get
-1 -1
u | u A 1 \
dln’llfrac(G) = Zl ) = by =1.
u=

(ii)) When m =4, g1 = 4,9, = 6,93 = 8 and g4 = 10.
The required local resolving neighbourhoods are given by:

Resolving Neighbourhoods Elements

Ry = R{xjx;}
Ry = R{x;x3}
Ry = R{x;x}
Ry = R{xjx}}
Rs = R{x{x3}
Rs = R{x3x3}
Ry = R{x3xj}
Rs = R{xjx%}
Ry = R{x3x2}
Rio = R{x}xZ}
RH = R{X?X%}
R12 = R{X%X%}
R13 = R{x%xi}
R14 = R{xixg}
R15 = R{ngg}
R16 = R{xgx%}

{x],00,23, x4}
{20,323}
{20,035, x4}
{X%7Xévxé’x}1}
{03,230, 23, g }
{xf,05, 03,04, 43, ¢ }
{xf,09, 23,03, 43, ¢ }
{x7,09, 23,23, 43, ¢ }
{x],03,03,23,03, 4}

{7, x5, %3, x5, %3, x¢ }

{00,305, 3,03,03, %0, X3, X3 }
e e |
e e
e e
{xi,x3,x3,x7, x5, X5, X7, X3 }



72

Comp. J. Combin. Math., 1 (2020) 1-9

{x?,x%,x%,xﬁ,xg,xg,x%,xg}

{0, 05,03, 33,43, 0, 47, 03 }

{xf,45,03,x3, x5, %, 47,2, x5, }
{xf,03,23, 5,23, xg, X7, g, x5, o }
{xi,x%,x%,x%,x%,x%,xi,x%,xé,xio}
{x7, %5, X3, x5, X5, X0, X7, X5, X9, X }
{x,25,03,45, 45, 2, 47,25, 45,2 }

4 1 4
{1,055, X3, X5, X, X7, x5, X9, X70 }

4.4 4 4 4 4 4 4 4 4 4 4

Rs _R{X7X8 {xl7x27x3ax47x57x67x77x87x97x10}
_ pl A4 4 4 4 4 4 4 4 4 4 4

Ry = R{xgxg {]525,03, 04,5, X6, X7, Xg, X9, X1 }
4 4 4 a4 4 4 4 4 4 4

Ro7 = R{xgx, {x7,25,x3, x5, X5, X0, X7, X5, X0, X }

4 4 4 4 A 4 4 4 4 4
{X7:X3, X5, X4, X5, X6, X7, X5, %G, X1 }

Ryo = R{vx}} V(G) —{x}, x4}
R = R{vx%} V(G {x%,x%

R31 = R{vx}}
Ry = R{wx}}
R33 = R{vx%}
R34 = R{vx%}
R35 = R{vx%}
R36 = R{ng}
Ry7 = R{vxl}
R = R{vx3}
Rso = R{vx3}
R4 = R{vx3}
R41 = R{V)Ci}
R42 = R{V)Ci}
R43 = R{in}
R44 = R{in}
R45 = R{VX%}
R46 = R{ng}
Ry7 = R{wx?}
R48 = R{vx%}
R49 = R{V)Cg}
R50 = R{ng}
Rs; = R{vx3}
Rsy = R{vx3}
R53 = R{ng}
R54 = R{ng}
Rss = R{vxg}
Rss = R{vx{,}

|
—
o
4
=
Ny

|
——
=
(98)
=
N

|
—
=
(98)
=
N
—

[
A
atotory
= = =
Lo bo
—

|
—
S
oA
=
o0

SSSSSSSSSSSSSSSSSSSSSSSSSSS
CEECEEEEEEEEEEEEEEEEEEEEEEE
| (.
~—
S
LJIXU)
——

As it is evident from the above resolving neighbourhood sets, that the sets with the minimum cardinality

are R; for 1 <1 <4 that is 4, whereas the rest of the sets from 5 </ < 56 are the sets having the higher

cardinalities. Therefore, we define a mapping v : V(G) — [0, 1], such that assigning é to the vertices in
4 4

the set J R, = U {x| ,x;,xé,x}l} and by lemma 5.1.5, summing them all, we get
u=1 u=1

: 2 1 4
dlmlfmc(G> = Z] 1= 3= 1.
u=
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(iii)) Whenm >3, 1< p<m,n>3,n=1 (mod 2) and g, =n+2(p—1).

The local resolving neighbourhoods of G are x?xg.’ Iy

cardinality is xfxf 1 Where ¢), = min{g,|1 < p <m}. Therefore in this case, there will be g, resolv-

and vx;. Among them the set with minimum

1ng neighbourhoods with minimum cardinality that are x J X; +1 with |R{ | = n. Therefore, let

J j+1

| U R,| =n= 98 and ® = |R,| = n. Now, we define a mapping y : V(G) — [0, 1], such that
u=1

% for ve 6 R,
¢(v) = =
0 for veV(G)— U Ry
u=1

p
. Now, after assigning the label % to all the vertices in the set |J R, and by lemma 5.1.5, summing all the
u=1
labels, we get

5
dimlfrac(G> = Zl l=1=1

Theorem 544 Letm >3, 1 <p<m,q >q > -+ > g, and G = GDW(m;q1,q>,...,qp). Then
dimlfrac(G> S [l,m]

Proof:

CaseI: (i) When g1 =¢» = --- = g, and g, = 0 (mod 2).

This case will be trivial as the graph so formed will be a bipartite graph. Thus

dimlfrac(G) =1.

(i) When g > g2 > --- > gq).

As we have proved in theorem 5.2.2 and 5.2.3 that when all q1,¢>,...,q, are greater or equal to each
other, thus for this case the minimum resolving sets from the cycle having the minimum length among all
the cycles will be considered. Also, from Lemma 5.1.3, we have found that dim; ¢, Will be equal to the
summation of all the labels assigned to all the vertices of the minimum resolving sets. Hence,

dimlfrac(G> =1.

Case II: When g = g2 = --- = q,,. As we have proved in theorem 5.2.1(a) that when all q1,¢>,...,q,
are equal, the minimum resolving sets in this case will be equal to the one less than the length of each
cycle. Moreover, we have proved in Lemma 5.1.3, that it dim; 7, will be equal to the summation of all
the labels assigned to all the vertices of G excluding v. Therefore,

dimy frac(G) = m.

From the cases mentioned above, we have found that dim; s.,.(G) € [1,m].

Theorem 54.5Letm >3, 1<p<m,q >q2> > qp, qp > 6 and G = GPW(m;q1,q2,...,49p)-
Then dimlfmc(G) =2m.

Proof:as we can see from Theorem 5.3.1 and 5.3.2 that all the minimum resolving sets in each case are

equal to R{x{ x5} = {xf, x5, XL} and R{x? |} ={xI' ,.x" | x}}. Also U R, = U {x o Xl X

Thus assigning the labels and summing them all, we get
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dimlfracG =2m.

Theorem 5.4.6 Let m >3, 1 <p<m,q > q» > - >¢qp, and G = GWW(m;q1,92,...,9,). Then
dimlfrac(G) € [lvm]

Proof:
CaseI: (i) When gy > g> > -+ > q.
As we have proved in theorem 5.4.3 that when all g1, ¢, ..., q, are greater or equal to each other, thus for

this case the minimum resolving sets from the wheel having the minimum spokes regardless of even or
odd length. Thus, we will consider the minimum resolving set . Also, from Lemma 5.1.5, we have found
that dim; ¢, will be equal to the summation of all the labels assigned to all the vertices of the minimum
resolving sets. Hence,

dimlfmc(G) =1.

Case II: When g| = g> = --- = qp. As we have proved in theorem 5.2.1(a) that when all ¢1,¢>, ..., q), are
equal, the minimum resolving sets in this case will be equal to resolving sets of cycles in each g,,. Earlier,
we have proved in Lemma 5.1.4, that it dim; ¢, Will be equal to the summation of all the labels assigned
to all the vertices of G excluding v. Therefore,

dimlfmc(G) =m.

As we can see from the above discussion, that is

dimlfrac(G) S [17m]

6. Conclusion

We close our discussion by the following remarks:
* The LEMD of G, for m = 1(mod 2) is -."; and 1 when m = 0(mod 2).

The LEMD of Gy is £=3549-6,

The LEMD of Gy is =0 +10=3,

The LFMD of GPW (m;q1,q2,...,qp) is 2m.

The LEMD of GDW (m;q1,492,...,9,) and GWW(m;q1,q2, ... ,q,) lies in the interval [1,m].

* As shown in Figure 6.1, the LFMDs of the graphs under consideration are shown. As its evident

from the 3D plot illustration that the dominant LFMD among all the graphs is of C,,,.

—

_ GPWm: 111.113:. )

- CWWimigrga. ... qp)
GDW (g gz, ogp)

I G,

I G

Figure 6.1: Behaviour of the obtained results as n — oo
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