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Abstract

An edge-magic total labeling of a connected graph I" = (Vr, Er) is a bijective map 7 : VP UEr — {1,2,...,|Vr| + |Er|} such
that their exists a fixed number (say d ) under the condition of 7(s) + 7(st) + 7(¢t) = d for all s € Er. In addition, if we label
the vertices from {1,2,...,|Vr|}, then this labeling is called super edge-magic total labeling and the graph I" admitting this
labeling is super edge-magic total graph. The super edge-magic deficiency (SEM-deficiency) v(I') of a graph I is a minimum
non-negative number m if 'UmK] is a super edge-magic total graph or o if there does not exist m. In the current paper, we
study the super edge-magic deficiency of forest of two non-isomorphic copies of the subdivided stars.
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1. Introduction and Preliminaries

A connected (p,q)-graph I = (Vr, Er) of order p and size ¢ is said to be an edge-magic total if it admits a
bijective map 7 : Vr UEr — {1,2,...,|Vr|+ |Er|} such that we get the edge-weights 7 (s) + 7 (st) + w(t) =
d, where st € Er for all edges and d is constant integer. If we assign the smallest labels to the vertices
then an edge-magic total labeling is called a super edge magic total labeling. Moreover, a graph is called a
super edge magic total graph if it admits super edge magic total labeling. The super edge-magic deficiency
of a graph I' is a non-negative integer m if the graph I'UmK| admits super edge-magic total labeling.
For more detail about basic notations and terminologies that are use in the rest of the paper, we refer to [16].

Firstly, the concept of edge-magic total was appeared in 1970 by the work of Kotzig et al.[12]. They
also proved that for each graph I', there must exist edge-magic total graph H = I'UmKj, where m is
non-negative integer. By using this fact, we get the concept of edge-magic deficiency of I" that is I'UmK|
is called edge-magic and denoted by v(I"). Particularly, we can write

v(I) =min{m >0:TUmK; is an edge-magic total graph}.

In the same article, Kotzig et al. gave the following upper bound of the edge-magic deficiency of I" having
m vertices:
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m(m—1)

2 b
where F;, is mth Fibonacci number. Later on, Figueroa-Centeno et al. [6] defined the super edge-
magic deficiency v,(I'), for a graph I" as the minimum non-negative integer m if 'UmK, admits super
edge-magic total labeling, or  if no such integer m exist. we can write precisely that, if

V(D) < Fppsr —2—m—

M(T)={m>0:TUmK; is super edge-magic total graph},
then
min(M(I")), it M(I") # 0,
vs(I) =
oo, if M(T") = 0,

For every graph, we can easily check that for graph I', v(T") < vy(T). In [6, 8], Figueroa-Centeno et al.
computed the exact values of several graphs for super-edge magic deficiencies including cycles, complete,
2-regular and complete bipartite graphs. They proved that deficiency is finite for all forest. Particularly,
they found that

1, if n=0(mod2),
VS(sz) =
0, ifn=1(mod2),

Ngurah et al.[14] found some upper bound of fans, double fans and wheels for the super edge-magic
deficiency.In [7] Figueroa-Centeno et al. presented

1, ifn;=2andn=1(mod2) or
if n; =3 and n = 0(mod3
VS(Pm UKlle) = : ( )

0, otherwise,

They also proved in same paper that

0, if n; multiple of n; + 1 or,
if np multiple of ny + 1,
Vs(Kiny UKy ny) = 2 AP ?

1, otherwise,

Figueroa-centeno et al. was given conjecture that all forest having two components admit super edge-
magic deficiency less than or equal to 1. Baig et al. [3, 4] determined the edge-magic deficiency of
star forest and also for find deficiencies for web Wb, ,, Jahangir J, , graphs, crown products L, ©® K,
K4 ®nK;. Santhosh et al. [15] showed that v(K; ©C,) < % for n odd at least 3. For more details about
the latest results on labeling of graphs, see [1, 9, 17, 18]. Moreover, for further study, reader may consult
[2, 10, 11]. In the present paper, we compute the super edge-magic deficiency of union of non-isomorphic
subdivision of star u,(Sb (1,1,...,1) USb(1,1,...,1)) <2n—1.
———r N———

(n—1)—times n—times

In order to compute the main results which presented in this paper, we shall use frequently following
Lemma.

Lemma 1.1.[5] The necessary and sufficient condition for (p,q)-graph I" admits super edge-magic total,
such that a bijective map 7 : Vr — {1,2,..., |Vr|} then {m(u) + m(v)|uv € Er consisting of ¢ consecutive
integers. In such a case, & expanded to a super edge-magic total.
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Now, we define the subdivision of a star as follows;

Definition 1.2. A subdivision of star I' =2 Sb(Iy,15...,1,) is a tree obtained by putting /; — 1 vertices to all
Jth edge of the star Ky , for [; > 1,1 < j <n, and n > 3. Let us suppose vertex-set and edge-set as;
V(F) :{lo}U{lij 1<i<n; 1 S]Sl,} andE(F) :{l()lil o1 Siﬁn}U{lijli(j+1) 1<i<n; 1<
J<Ii—1}.

Definition 1.3. The union of any graphs I'' = (V{,El) and I'? = (V},E2) is a graph ' = "' UT? with
vertex-set Vr = Vrl U Vr2 and the edge-set E}- = EIL U EI%

2. Main Results

This section deals the main theorems, in which compute the upper bound for the super edge-magic
deficiency of Sb (1,1,...,1) USb(L,1,...,]), Where n > 3 and [ > 2.

—_———— ————

(n—1)—times n—times
Theorem 2.1. Prove that graph I" = Sh(1,1) USb(l,1,1) admits super edge-magic deficiency at most 4,
where [ > 1.
Proof. Let us suppose graph H = Sb(1,1) USb(1,1,1) UK. Let the sets of vertices and edges are presented

as
VIH) ={l: 1<t <2}U{l;: 1 <1 <2,1 <i<144,1<j<FU{z:1<k<4}

and
EH)={Ll;: 1<t <21 <i<t+1FU{l ) 1<t <21 <i<t4+1,1<j<I-1}.
The cardinality of the vertices and edges are p = 5/ 4 6,and g = 5/.

In order to prove that H is super edge-magic total, there arises two cases:
Case-1: When [ = 1(mod 2)

The vertex labeling presented 7 : V(H) — {1,2,...,5/ + 6} as given below:
n(l))=5(1—1t)+11, and m(z)=51+1+k1<k<4

When1 <;j<I[:
For j = 1(mod 2);

2(1—-j)+1, wheni=1,
”(lilj) =
3(1—j)+2, wheni=2,
and
3(1—j)+4, wheni=1,
7r(l,-2j) =< 3(I-j)+5, wheni=2,
3(1-j)+3, wheni=3,
When j =0(mod 2) :
For1<j<lil—1;
3(21—j)+5, wheni=1,
”(lilj) =

\SJ[9)}

(21— j)+3, wheni=2,



Case-2: When [/ = 0(mod 2)

a(l) =252 111 <r <2, and 7(z) = L+k1<

When 1 < j<I[;
For j = 1(mod 2)

and

When j = 0(mod 2);

For1 <j<1;

and

5(21—j)+9
2 9

5(21—j)+11

<4

wheni=1,
when i =2,
wheni=1,
when i =2,
when i = 3,
wheni=1,
when i =2,
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%(Zl—j)+4, wheni=1,
”(llzj) = %(21 —j)+2, wheni=2,
3(2l—j)+1, wheni=3,
For j=1—-1;
%, wheni=1,
Iy
”(lij)
51LG7 wheni=2,
and
517”, when i =1,
ﬂ(llzj) = 51;9, when i =2,
#, when i =3,
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(I—j)+1, wheni=1,

\S1{@}

7r(l,-2j) =

(S]]

(I—j)+2, wheni=2,

3(1-j)+3, wheni=3,

Thus the labeling 7 constitute the following set of edge-sum as given below;

51413 51415  15[+11 _
{#%=,25=,...,25—}, whenl=1(mod?2),
edge-sum =

(31220 st£22 | ASLE8Y - wwhen | = 0(mod 2),

Thus, by Lemma 1.2, we expand 7 to a super edge-magic total labeling of H ]
Theorem 2.2. Prove that graph I" = Sb(1,1,1) USb(l,1,1,1) admits super edge-magic deficiency at most 6,
where [ > 1.

Proof. Consider the graph H =2 Sb(1,1,1) USb(l,1,1,1) U6K].. The vertex-set and edge-set are defined as
VH)={l 1<t <2pU{l;: 1<t <2,1<i<2+1,1 < j<JU{z: 1 <k <6}

and
EH)={Ll; : 1<t <21 <i<t+2}U{l i, )i 1<S1<2,1<i<r+2,1<j<I-1}
Let us consider the cardinality of the sets of vertices and edges are p =7/ +8,and g = 71. We want to

prove that H is super edge-magic total. For this we have two cases:

Case-1: When / = 1(mod 2)

The scheme of vertex labeling is defined w : V(H) — {1,2,...,7] + 8} as below:
() =7(1—1)+151<t <2, and 7(z)=T7l+1+k1<k<6

When1 < j<I:
For j = 1(mod 2);

[NSTEN]

(I—j)+1, wheni=1,

Q
—~
~
S —
N—
I
[NSTEN]

(I—j)+2, wheni=2,

[\STEN]

(I—j)+3, wheni=23,

and

NI

(I—j)+5, wheni=1,

[NSTEN]

(I—j)+6, wheni=2,

n(ly) =

[NSTEN]

(I—j)+7, wheni=23,

(I—j)+4, wheni=4,

[NSTEN]

When j = 0(mod 2):
For1<j<l—1;
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11— j)+7, wheni=1,
n(l) =4 3(21—j)+5, wheni=2,
I(21—j)+3, wheni=3,
and
%(21—]')4—6, wheni=1,
1(21—j)+4, wheni=2,
n(l7) =
I(21—j)+2, wheni=3,
I1@21—j)+1, wheni=4,
For j=1—-1;
( —7”515, when i =1,
70417 .
==, wheni=2,
n) =]
B wheni=3,
and
(12 wheni=1,
—7“5“, wheni=2,
AN
”(lij) i3
B3 wheni=3,
L —7“521 ,  wheni=4,
Case-2: When / = 0(mod 2)
a(l) =152 1151 <1 <2, and 7(z) =L +k1<k<6
When 1 < j </
For j = 1(mod 2);
( w, wheni=1,
Tc(lilj) = w, when i =2,
\ w, when i =3,
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===, wheni=1,
7(21_g)+19, wheni=2,
n(lfy) =
w, when i =3,
L w, when i =4,
When j = 0(mod 2);
For1 <j<1;
%(l—j)+5, wheni=1,
ﬂ;(]ilj) — %(l —j)+6, wheni=2,
%(l_j)+7, when i =3,
and
(J(1—j)+1, wheni=1,
) %(l—j)—i—Z, when i =2,
”(lij) =

I(1—j)+3, wheni=3,

[ 7(1—j)+4, wheni=4

Thus, the labeling 7 constitute the following set of edge-sum as given below;

7417 7419 21415 _
{=—,5=,...,=5=}, when!=1(mod2),
edge-sum =

(61526 71428 214243 whep [ = 0(mod 2),

Therefore, by Lemma 1.2, we expand 7 to a super edge-magic total labeling of H ]
Theorem 2.3. Prove that graph I" = Sb(1,1,1,1)USb(l,1,1,1,1) admits super edge-magic deficiency at
most 8, where [ > 1.

Proof. Consider the graph H = Sb(1,1,1,1) USb(1,1,1,1,1) U8K;.. The vertex-set and edge-set are defined
as

VH)={l: 1 <t <2 U{l:1 <0 <21 <i<t+3,1<j<PU{z:1<k<8}

and
EH)={Ll,:1<t<2,1 §i§t+3}u{lfjlf(j+l) 1< <2,1<i<r+3,1<j<I—-1}.
The cardinality of the vertex-set and edge-set are p = 9/ + 8,and g = 9!. In order to compute that H is a

super edge-magic total,
Case-1: When / = 1(mod 2)

Now, we define the labeling 7 : V(H) — {1,2,...,91 + 10} as given below:
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() =9(1—1)+191<t<2, and w(zx) =9+ 1+k1<k<38

When1 < j<I:
For j = 1(mod 2);

and

When j=0(mod 2): For, 1 < j<l—1;

and

For j=1—1;

o

(I=j+1

o

(I=j)+2,

\S]\Ne

(I=Jj)+3,

\S]\Ne]

NSRRI

NI

(=p)+7,

NSIEN]

(I=j)+8,

[NSTEN]

\S]Ne]

\S]\Ne

NS \Ne

NS \Ne

[\S]\Ne]

N\O

[\S] e

[\S] e}

(21— j)+4,

[\S] e}

\S] e}

wheni=1,
when i =2,
when i = 3,
when i =4,
wheni=1,
when i =2,
when i = 3,
when i =4,

when i =35,

wheni=1,
when i =2,
when i = 3,

when i =4,

wheni=1,
when i =2,
when i = 3,
when i =4,

when i =35,
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(2P wheni=1,
#, when i =2,
Iy

”(lij)
%, when i = 3,
L —9142'25, when i =4,

and

(2 wheni=1,
U3 when i=2,
n(lf) =4 253 wheni=3,
%LT”, when i =4,
L @, when i =35,

Case-2: When / = 0(mod 2)

ﬁ(lt)=w+l9;1§t§2, and 7(z) =L +k1<k<8.
When 1 < j<I;

For j = 1(mod 2);

( w, when i = 1,
w, when i = 2,
1y _
7 (l;;) -
%, when i = 3,
\ —9(21_2])“9, when i = 4,
and
( - j .
w, when i = 1,
9(2172j)+23, when i — 2,
2 i j .
(i) = 22 2J)+25, when i = 3,
9(2#2]”27, when i = 4,
x 9(21721)+297 when i = 5,
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When j = 0(mod 2):

For1 <j<1;
(3(1—j)+6, wheni=1,
5(1—j)+7, wheni=2,
a(ll;) =
%(l—j)+8, when i = 3,
[ 2(1—j)+9, wheni=4,
and
(3(1—j)+1, wheni=1,
S(—j)+2, wheni=2,
n(l}) =14 3(—j)+3, wheni=3,

S]]

(I—j)+4, wheni=4

{ 3(I—Jj)+5, wheni=35,

Thus, the labeling 7 constitute the following set of edge-sum as given below;

91421 91423 271419 _
{(7=5=,7%=,...,¥5—=}, when!=1(mod2),
edge-sum =

[OL32 O34 2130} when [ =0(mod 2),
Therefore, by Lemma 1.2, we expand 7 to a super edge-magic total labeling of H ]
Theorem 2.4. Prove that graph " = (1,1, ...,1) U(l,1,...,1) admits super edge-magic deficiency at most
—_——  —\
(n—1)—times ~ n—times
2(n—1), where [ > 1.

Proof. Consider the graph H = (1,1,...,1) U(L,1,...,1)U2(n — 1)K;. The vertex-set and edge-set are
—_—— —\

(n—1)—times n—times
defined as
V(H):{lt:1§t§2}u{l§j: 1<t <2,1<i<t+n—-2,1<j<I}U{z:1<k<2(n—-1)}

and

E(H)= {4l : 1< <21 <i<t4n=23U{ll, i 1<1<2,1<i<t+n-2,1<j<I-1}.
The order and size of the graph I" are p =2n(l+ 1) —[,and g = (2n— 1)l. In order to show that H is
super edge-magic total, we have two cases:

Case-1: When / = 1(mod 2)

We present vertex labeling 7 : V(H) — {1,2,...,2n(l + 1) — I} as given below:
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7)) =2n—1)(I—t)+(4n—1);1<t <2, and 7(z)=2n—1)I+1+k;1 <k<2(n—1)
When1 < j<I:
For j = 1(mod 2);

2n—1
”(lilj):( n2 )(l—j)—l—i, when 1 <i<n-—1,
d
" (2n—1) . . .
7 (I—j)+n+i, whenl<i<n-—1,
2y
”(lij)—
Gl i — j)+i, when i = n,
When j = 0(mod 2):
For, 1 <j<I—1;
n(ly;) = > (2l—j)+2(n—i)+1, when 1<i<n-—1.
and
W12~ j)+2(n—i),  whenl<i<n—1,
7r(l,~2j)—
2120 — j)+2(n—i)+1, wheni=n,
For j=1—1;
2n—1)+22n+i)—3
”(lilj):(n )+2( n+i) , when 1<i<n-—1
and
(2n_l)l+22(n+i)_l, when 1 <i<n-—1,
(1) =

(2n—1)1+2(2n+i)—3
2 bl

when i = n,
Case-2: When / = 0(mod 2)

a(l) =220 4 gp 151<0<2, and w(z) = SV 41 <k<2(n—1)
When 1 < j </,

For j = 1(mod 2)
1 ) 2n—1 . .
”(lij):(2”—1)l+(l+1)—T(]—1), when 1 <i<n—1,
and

2n—1
7(1) = (2n— 1)l +n+i=="—(j—1), when 1 <i<n
When j = 0(mod 2);
For1 <j<I;

”(lij) =75

(I—j)+n+i, when 1<i<n-—1,
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and

2n—1
”(l?j):nT(l—j)—l—i, when 1 <i<n.

Thus the labeling 7 constitute the following set of edge-sum as given below;

{(2ﬂ—1)1+4n+1 (2n—1)I+4n+3 3(2n—1)l+4n—1 }’ when [ = l(mod 2)’

> , > sy 5
edge-sum =
{(Zn—l)é+6n+2, (2n—1)é—0—6n+4’ - 3(2n—21)l+6n}, when [ = O(mod 2)’
Thus, by Lemma 1.2, we expand 7 to a super edge-magic total labeling of H. [

3. Conclusion

In the current paper, we have proved the super edge-magic deficiency of forest for two non-isomorphic
copies of subdivided stars. The problem is still for super edge-magic deficiency for n non-isomorphic
copies for subdivision of stars.
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