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Abstract

Topological indices (TIs) are the molecular descriptors that help us to predict physical and chemical properties of the molecules
such as entropy, stability, enthalpy, boiling point, molecular weight, polarizability of organic compound, pressure, volume,
density and infrared group frequency. These molecular descriptors mostly appear in the kind of degree based TIs. The
first degree based TI was introduced by Gutman and Trinajstić in 1972 to find the total φ -electron energy of the concerned
molecules. Such degree based TIs are further classified in two different ways; degree and connection number based TIs.
The number of neighbors at distance 1 and 2 from vertex v of graph G are represented by degree and connection number,
respectively. In this paper, we initially define connection number based TIs in the generalized versions with the name of
generalized first Zagreb connection index (ZCI), generalized second ZCI, generalized third ZCI and generalized fourth ZCI.
We also compute exact formulae for the abovementioned generalized versions of some wheel related graphs such as wheel,
gear, helm, flower and sunflower. The obtained results (C2

α,β ,C
3
α,β and C4

α,β ) are the generalized extensions of the results
(ZC∗

2 ,ZC∗
3and ZC∗

4) of Javaid et al. [Comp. J. Combin. Math. 2 (2020) 31-58] who worked only for α,β = 1, respectively.
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Mathematics Subject Classification: : 05C09, 05C92

1. Introduction

Chemical graph theory (CGT) is a subject which directly connects mathematical chemistry to graph theory
and solves chemistry problems into mathematically vision, see [1]. In this field, we study several chemical
structures with the help of topological indices (TIs). TIs are numeric quantities that gives information
about the entire structure of graphs. They also useful in the study of physicochemical properties [2], the
bioactivity of the chemical compounds [3] and to calculate the different types of organic compounds and
also studied their chemical behaviors [4]. The quantitative structure property-relationship (QSPR) and
quantitative structure activity-relationship (QSAR) are also investigated with the help of TIs and these
relationships are beneficial for expensive experimental drug design, see [5, 6].
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The concept of degree was firstly introduced by Gutman and Trinajstić in [7] (1972) and they proved that
the entire π-electron energy of a molecular graph depends on its structures. The mathematical formula
of this graphical structure is known as first Zagreb index. In 1975, another descriptor was derived by
Gutman et al. [8] with the name of second Zagreb index. After a long gap, Furtula and Gutman [9] (2015)
worked on another TI with the name of third Zagreb index and investigated its various properties and
called it by the name of F-index. At present, at least 5000 descriptors have been appeared in the field
of CGT but abovementioned three Zareb indices are more studied than others. For more properties and
better applicability of Zagreb indices, we refer to [10, 11, 12, 13, 14, 15].

Azari [16] defined the generalized Zagreb index for ordinary and variable Zagreb indices and used this
generalized version to find exact solutions of several graph products such as sum, corona, lexicographic,
tensor, Cartesian, strong, disjunction and symmetric difference. Farahani and Kanna [17] used generalized
Zagreb index to find the different structures of V-Phenylenic nanotubes and V-Phenylenic nanotori. Sarkar
et al. [18] (2018) computed the generalized Zagreb index of graphene, carbon graphite and crystal
cubic structure of carbons. Sarkar et al. used the generalized Zagreb index with another name as the
(a,b)-Zagreb index of some regular dendrimers [19] and derived networks such as butterfly, mesh, Benes
and Sierpinski [20]. Awais et al. [21] (2020) and Ali [22] (2021) defined some properties of metal-organic
frameworks via the generalized and multiplicative versions of Zagreb indices. A few recent research on
degree based TIs can be checked in this literatures [23, 24, 25, 26, 27, 28, 29, 30].

The concept of connection number to influence Eπ was introduced by Gutman and Trinajstić in [7] (1972).
This concept has started its work properly in 2017 [31] and 2018 [32]. Now, a list of researchers have put
their eyes on the advancement of this concept. For that instance, Tang et al. [33](2019) computed exact
solutions for Zagreb connection indices (ZCIs) of subdivision-related operations on graphs. Ali et al. [34]
enhanced the concept ZCIs in the shape of modified second and third ZCIs. Javaid et al. [35] introduced
new modified version with the name of modified fourth ZCI. They also computed exact formulae for
several newly defined ZCIs of wheel-related graphs. Shiladhar et al. [36] (2018) and Dayan et al. [37, 38]
computed exact solutions for leap Zagreb indices, leap Gourava indices, leap reduced reciprocal Randic
and leap reduced second Zagreb indices of some special graphs. In 2019, Kulli computed multiplicative
leap Gourava indices [39] and (a,b)-Kulli-Basava indices [40] of some regular graphs. Recently, Javaid
and Ali [41] computed exact expressions for the first general ZCI on some special graphs. Moreover,
many articles have been published related to connection number based Zagreb indices, those can be seen
here [42, 43, 44, 45, 46, 47, 48, 49].

In this paper, we define the generalized versions of the connection number based Zagreb indices such as
the generalized first ZCI, generalized second ZCI, generalized third ZCI and generalized fourth ZCI of
some wheel related graphs (wheel, gear, helm, flower and sunflower). The rest of the article is decorated
as follows: Section II gives some notations and preliminary definitions of newly defined the generalized
ZCIs and also discuss some important results, Section III provides the definitions of wheel related graphs
and correspondence their main results of the generalized ZCIs and Section IV presents conclusion.

2. Notations and Preliminaries

Let G be a simple and connected graph with vertex set V (G) and edge set E(G). The order (|V (G)|)
and size (|E(G)|) in G are n and p. The length of the shortest path between any two vertices u
and v is known as distance and it can be written as d(u,v). In general, the open k-neighborhood
of v is Nk(v) = {u ∈ V (G) : d(u,v) = k}. If dk is the k-distance degree of a vertex v and it is also
read as the number of k-neighbors of the vertex v then dk(v) = |Nk(v)|. If we put k = 1 and 2
then we obtain degree (d(v)) and connection number (d2(v) = τ(v)) of a vertex v, respectively. If
e(v) = max{d(u,v) : u ∈V (G)}, D(G) = max{e(v) : v ∈V (G)} and R(G) = min{e(v) : v ∈V (G)} are
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the eccentricity, diameter and radius of v in G, respectively. For more information about terminology and
notation, we suggest to see [50].

Definition 2.1 (See [21]). Let G ba a connected graph. If ∀α,β ∈ R−{0} and k ≥ 1, then the k-distance
generalized Zagreb index (Zk

α,β (G)) is as follows

Zk
α,β (G) = ∑

uv∈E(G)

[dk(u)αdk(v)β +dk(v)αdk(u)β ].

If k = 1, then Zα,β (G) becomes degree of vertices based the generalized Zagreb index as

Zα,β (G) = ∑
uv∈E(G)

[d(u)αd(v)β +d(v)αd(u)β ].

The generalized Zagreb index [51] (2011) was introduced by Azari and Iranmanesh to find some networks
of nanotori and nanotubes. If we put k = 2, we can obtain connection number of vertices (d2 = τ) based
Zagreb indices in the form of generalized Zagreb connection indices as follows:

Definition 2.2. Let G ba a connected graph. If ∀α,β ∈ R−{0}, then the generalized first Zagreb
connection index (Cα,β (G)) is as follows

Cα,β (G) = ∑
uv∈E(G)

[τ(u)α
τ(v)β + τ(v)α

τ(u)β ].

Definition 2.3. Let G ba a connected graph. If ∀α,β ∈ R−{0}, then the generalized second Zagreb
connection index (C2

α,β (G)) is as follows

C2
α,β (G) = ∑

uv∈E(G)

[d(u)α
τ(v)β +d(v)α

τ(u)β ].

Definition 2.4. Let G ba a connected graph. If ∀α,β ∈ R−{0}, then the generalized third Zagreb
connection index (C3

α,β (G)) is as follows

C3
α,β (G) = ∑

uv∈E(G)

[d(u)α
τ(u)β +d(v)α

τ(v)β ].

Definition 2.5. Let G ba a connected graph. If ∀α,β ∈ R−{0}, then the generalized fourth Zagreb
connection index (C4

α,β (G)) is as follows

C4
α,β (G) = ∑

uv∈E(G)

[d(u)α
τ(u)β ×d(v)α

τ(v)β ].

Now, we discuss some important results which may apply in the main results.

Lemma 2.1.[52] Let G be a connected graph with n vertices and p edges. Then,
τ(u)+d(u)≤ ∑

v∈N(u)
d(v), where equality holds if and only if G is a {C3,C4}− free graph.

Lemma 2.2.[33] Let G be a connected and {C3,C4}− free graph with n vertices and p edges. Then,
(i) ∑

v∈V (G)
d(v) = 2p, (ii) ∑

v∈V (G)
τ(v) = M1(G)−2p.

3. Definitions and Main Results

In this section, we define some wheel related graphs such as wheel, gear, helm, flower and sunflower,
respectively. Then, we compute the generalized first, second, third and fourth Zagreb connection indices
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for abovesaid graphs.

1. Wheel Graph Wn:
The wheel graph Wn is defined by joining K1 and Cn. Where K1 and Cn are the complete and cycle graphs
of orders 1 and n respectively. So, order of wheel graph (|V (Wn)|) is n+ 1 and size of wheel graph
(|E(Wn)|) is 2n. Apex is the vertex corresponding to K1 and rim is the set of those vertices which is
corresponding to Cn. The graphical depiction of wheel graph is presented in Figure 1.
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Figure 1. Wheel graph Wn

Table 1: Partition of vertices for Wn.

Degree/Connection number Apex (v0) Rim (vi)
dWn n 3
τWn 0 n-3

Theorem 3.1. Let Wn be a wheel graph of order n+1. Then, the generalized first, second, third and fourth
Zagreb connection indices of Wn are

(a) Cα,β (Wn)= 2n(n−3)α+β ,

(b) C2
α,β (Wn)= n(n−3)β (nα +2×3α),

(c) C3
α,β (Wn)= 3α+1n(n−3)β ,

(d) C4
α,β (Wn)= 32αn(n−3)2β .

Proof (a). Since Wn is a wheel graph of order n+ 1, where n ≥ 4. Also, v0 is the apex vertex and
{v1,v2, ....,vn} is the set of rim vertices for Wn. By definition,

Cα,β (Wn)= ∑
uv∈E(Wn)

[τ(u)α
τ(v)β +τ(v)α

τ(u)β ]

= ∑
v0vi∈E(Wn)

[τ(v0)
α

τ(vi)
β +τ(vi)

α
τ(v0)

β ]+ ∑
vivi+1∈E(Wn)

[τ(vi)
α

τ(vi+1)
β +τ(vi+1)

α
τ(vi)

β ]

=
n

∑
i=1

[(0)α(n−3)β +(n−3)α(0)β ]+
n

∑
i=1

[(n−3)α(n−3)β +(n−3)α(n−3)β ]
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= 2n(n−3)α+β

(b). By definition,

C2
α,β (Wn)= ∑

uv∈E(Wn)

[d(u)α
τ(v)β +d(v)α

τ(u)β ]

= ∑
v0vi∈E(Wn)

[d(v0)
α

τ(vi)
β +d(vi)

α
τ(v0)

β ]+ ∑
vivi+1∈E(Wn)

[d(vi)
α

τ(vi+1)
β +d(vi+1)

α
τ(vi)

β ]

=
n

∑
i=1

[(n)α(n−3)β +3α(0)β ]+
n

∑
i=1

[3α(n−3)β +3α(n−3)β ]

= n(n−3)β (nα +2×3α).

(c). By definition,

C3
α,β (Wn)= ∑

uv∈E(Wn)

[d(u)α
τ(u)β +d(v)α

τ(v)β ]

= ∑
v0vi∈E(Wn)

[d(v0)
α

τ(v0)
β +d(vi)

α
τ(vi)

β ]+ ∑
vivi+1∈E(Wn)

[d(vi)
α

τ(vi)
β +d(vi+1)

α
τ(vi+1)

β ]

=
n

∑
i=1

[(n)α(0)β +3α(n−3)β ]+
n

∑
i=1

[3α(n−3)β +3α(n−3)β ]

= 3α+1n(n−3)β .

(d). By definition,

C4
α,β (Wn)= ∑

uv∈E(Wn)

[d(u)α
τ(u)β ×d(v)α

τ(v)β ]

= ∑
v0vi∈E(Wn)

[d(v0)
α

τ(v0)
β ×d(vi)

α
τ(vi)

β ]+ ∑
vivi+1∈E(Wn)

[d(vi)
α

τ(vi)
β ×d(vi+1)

α
τ(vi+1)

β ]

=
n

∑
i=1

[(n)α(0)β ×3α(n−3)β ]+
n

∑
i=1

[3α(n−3)β ×3α(n−3)β ]

= 32αn(n−3)2β .

2. Gear Graph Gn:
The gear graph Gn is obtained from wheel graph Wn by including a new vertex between each pair of
adjacent vertice of rim. So, order of gear graph (|V (Gn)|) is 2n+1 and size of gear graph (|E(Gn)|) is 3n.
Also, the bipartite wheel graph is called gear graph. The graphical depiction of gear graph is presented in
Figure 2.
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Figure 2. Gear graph Gn

Table 2: Partition of vertices for Gn.

Degree/Connection number Apex (v0) Rim (vi) Rim (ui)
dGn n 3 2
τGn n n-1 3

Theorem 3.2. Let Gn be a gear graph of order 2n+1. Then, the generalized first, second, third and fourth
Zagreb connection indices of Gn are

(a) Cα,β (Gn)= n(n−1)β (nα +2×3α)+n(n−1)α(nβ +2×3β ),

(b) C2
α,β (Gn)= n(n−1)β (nα +2α+1)+n3α(nβ +2×3β ),

(c) C3
α,β (Gn)= n(nα+β +2α+13β )+3α+1n(n−1)β ,

(d) C4
α,β (Gn)= 3αn(n−1)β (nα+β +2α+13β ).

Proof (a). Since Gn is a gear graph of order 2n + 1. Also, v0 is the apex vertex, {v1,v2, ....,vn},
{u1,u2, ....,un} are the sets of rim vertices for Gn. By definition,

Cα,β (Gn)= ∑
uv∈E(Gn)

[τ(u)α
τ(v)β +τ(v)α

τ(u)β ]

= ∑
v0vi∈E(Gn)

[τ(v0)
α

τ(vi)
β +τ(vi)

α
τ(v0)

β ]+ ∑
viui∈E(Gn)

[τ(vi)
α

τ(ui)
β +τ(ui)

α
τ(vi)

β ]

=
n

∑
i=1

[(n)α(n−1)β +(n−1)α(n)β ]+
2n

∑
i=1

[(n−1)α(3)β +(3)α(n−1)β ]

= n(n−1)β (nα +2×3α)+n(n−1)α(nβ +2×3β ).

(b). By definition,

C2
α,β (Gn)= ∑

uv∈E(Gn)

[d(u)α
τ(v)β +d(v)α

τ(u)β ]

= ∑
v0vi∈E(Gn)

[d(v0)
α

τ(vi)
β +d(vi)

α
τ(v0)

β ]+ ∑
viui∈E(Gn)

[d(vi)
α

τ(ui)
β +d(ui)

α
τ(vi)

β ]
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=
n

∑
i=1

[(n)α(n−1)β +(3)α(n)β ]+
2n

∑
i=1

[(3)α(3)β +(2)α(n−1)β ]

= n(n−1)β (nα +2α+1)+n3α(nβ +2×3β ).

(c). By definition,

C3
α,β (Gn)= ∑

uv∈E(Gn)

[d(u)α
τ(u)β +d(v)α

τ(v)β ]

= ∑
v0vi∈E(Gn)

[d(v0)
α

τ(v0)
β +d(vi)

α
τ(vi)

β ]+ ∑
viui∈E(Gn)

[d(vi)
α

τ(vi)
β +d(ui)

α
τ(ui)

β ]

=
n

∑
i=1

[(n)α(n)β +(3)α(n−1)β ]+
2n

∑
i=1

[(3)α(n−1)β +(2)α(3)β ]

= n(nα+β +2α+13β )+3α+1n(n−1)β .

(d). By definition,

C4
α,β (Gn)= ∑

uv∈E(Gn)

[d(u)α
τ(u)β ×d(v)α

τ(v)β ]

= ∑
v0vi∈E(Gn)

[d(v0)
α

τ(v0)
β ×d(vi)

α
τ(vi)

β ]+ ∑
viui∈E(Gn)

[d(vi)
α

τ(vi)
β ×d(ui)

α
τ(ui)

β ]

=
n

∑
i=1

[(n)α(n)β ×(3)α(n−1)β ]+
2n

∑
i=1

[(3)α(n−1)β ×(2)α(3)β ]

= 3αn(n−1)β (nα+β +2α+13β ).

3. Helm Graph Hn:
The helm graph Hn is obtained from wheel graph Wn by joining a pendant edge to the every vertex of the
rim. So, order of helm graph (|V (Hn)|) is 2n+1 and size of helm graph (|E(Hn)|) is 3n. The graphical
depiction of helm graph is presented in Figure 3.
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Table 3: Partition of vertices for Hn.

Degree/Connection number Apex (v0) Rim (vi) Pendant (ui)
dHn n 4 1
τHn n n-1 3

Theorem 3.3. Let Hn be a helm graph of order 2n+ 1. Then, the generalized first, second, third and
fourth Zagreb connection indices of Hn are

(a) Cα,β (Hn)= n(n−1)β (nα +3α)+n(n−1)α [nβ +3β +2(n−1)β ],

(b) C2
α,β (Hn)= n(n−1)β (nα +1+22α+1)+4αn(nβ +3β ),

(c) C3
α,β (Hn)= n[nα+β +4α+1(n−1)β +3β ],

(d) C4
α,β (Hn)= 4αn(n−1)β [nα+β +4α(n−1)β +3β ].

Proof (a). Since Hn is a helm graph of order 2n+ 1. Also, v0 is the apex vertex. {v1,v2, ....,vn} and
{u1,u2, ....,un} are the sets of rim and pendant vertices for Hn. By definition,

Cα,β (Hn)= ∑
uv∈E(Hn)

[τ(u)α
τ(v)β +τ(v)α

τ(u)β ]

= ∑
v0vi∈E(Hn)

[τ(v0)
α

τ(vi)
β +τ(vi)

α
τ(v0)

β ]+ ∑
viui∈E(Hn)

[τ(vi)
α

τ(ui)
β +τ(ui)

α
τ(vi)

β ]

+ ∑
vivi+1∈E(Hn)

[τ(vi)
α

τ(vi+1)
β +τ(vi+1)

α
τ(vi)

β ]

=
n

∑
i=1

[(n)α(n−1)β +(n−1)αnβ ]+
n

∑
i=1

[(n−1)α3β +3α(n−1)β ]+
n

∑
i=1

[(n−1)α(n−1)β +(n−1)α(n−1)β ]

= n(n−1)β (nα +3α)+n(n−1)α [nβ +3β +2(n−1)β ].

(b). By definition,

C2
α,β (Hn)= ∑

uv∈E(Hn)

[d(u)α
τ(v)β +d(v)α

τ(u)β ]

= ∑
v0vi∈E(Hn)

[d(v0)
α

τ(vi)
β +d(vi)

α
τ(v0)

β ]+ ∑
viui∈E(Hn)

[d(vi)
α

τ(ui)
β +d(ui)

α
τ(vi)

β ]

+ ∑
vivi+1∈E(Hn)

[d(vi)
α

τ(vi+1)
β +d(vi+1)

α
τ(vi)

β ]

=
n

∑
i=1

[(n)α(n−1)β +(4)α(n)β ]+
n

∑
i=1

[(4)α(3)β +(1)α(n−1)β ]+
n

∑
i=1

[(4)α(n−1)β +(4)α(n−1)β ]

= n(n−1)β (nα +1+22α+1)+4αn(nβ +3β ).

(c). By definition,

C3
α,β (Hn)= ∑

uv∈E(Hn)

[d(u)α
τ(u)β +d(v)α

τ(v)β ]

= ∑
v0vi∈E(Hn)

[d(v0)
α

τ(v0)
β +d(vi)

α
τ(vi)

β ]+ ∑
viui∈E(Hn)

[d(vi)
α

τ(vi)
β +d(ui)

α
τ(ui)

β ]
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+ ∑
vivi+1∈E(Hn)

[d(vi)
α

τ(vi)
β +d(vi+1)

α
τ(vi+1)

β ]

=
n

∑
i=1

[(n)α(n)β +(4)α(n−1)β ]+
n

∑
i=1

[(4)α(n−1)β +(1)α(3)β ]+
n

∑
i=1

[(4)α(n−1)β +(4)α(n−1)β ]

= n[nα+β +4α+1(n−1)β +3β ].

(d). By definition,

C4
α,β (Hn)= ∑

uv∈E(Hn)

[d(u)α
τ(u)β ×d(v)α

τ(v)β ]

= ∑
v0vi∈E(Hn)

[d(v0)
α

τ(v0)
β ×d(vi)

α
τ(vi)

β ]+ ∑
viui∈E(Hn)

[d(vi)
α

τ(vi)
β ×d(ui)

α
τ(ui)

β ]

+ ∑
vivi+1∈E(Hn)

[d(vi)
α

τ(vi)
β ×d(vi+1)

α
τ(vi+1)

β ]

=
n

∑
i=1

[(n)α(n)β ×(4)α(n−1)β ]+
n

∑
i=1

[(4)α(n−1)β ×(1)α(3)β ]+
n

∑
i=1

[(4)α(n−1)β ×(4)α(n−1)β ]

= 4αn(n−1)β [nα+β +4α(n−1)β +3β ].

4. Flower Graph Fln:
The flower graph Fln is obtained from helm graph Hn by joining each pendant vertex to the apex of helm
graph. So, order of flower graph (|V (Fln)|) is 2n+ 1 and size of flower graph (|E(Fln)|) is 4n. The
graphical depiction of flower graph is presented in Figure 4.
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Figure 4. Flower graph Fln

Table 4: Partition of vertices for Fln.

Degree/Connection number Apex (v0) Rim (vi) Extreme (ui)
dFln 2n 4 2
τFln 0 2n-4 2n-2
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Theorem 3.4. Let Fln be a flower graph of order 2n+1. Then, the generalized first, second, third and
fourth Zagreb connection indices of Fln are

(a) Cα,β (Fln)= n(2n−4)α [(2n−2)β +2(2n−4)β ]+n(2n−2)α(2n−4)β ,

(b) C2
α,β (Fln)= 2αn(2n−4)β (nα +2α+1+1)+2αn(2n−2)β (nα +2α),

(c) C3
α,β (Fln)= 2α+1n[2α+1(2n−4)β +(2n−2)β ],

(d) C4
α,β (Fln)= 23αn(2n−4)β [(2n−2)β +2α(2n−4)β ].

Proof (a). Since Fln is a flower graph of order 2n+1. Also, v0 is the apex vertex. {v1,v2, ....,vn} and
{u1,u2, ....,un} are the sets of rim and extreme vertices for Fln. By definition,

Cα,β (Fln)= ∑
uv∈E(Fln)

[τ(u)α
τ(v)β +τ(v)α

τ(u)β ]

= ∑
v0vi∈E(Fln)

[τ(v0)
α

τ(vi)
β +τ(vi)

α
τ(v0)

β ]+ ∑
v0ui∈E(Fln)

[τ(v0)
α

τ(ui)
β +τ(ui)

α
τ(v0)

β ]

+ ∑
viui∈E(Fln)

[τ(vi)
α

τ(ui)
β +τ(ui)

α
τ(vi)

β ]+ ∑
vivi+1∈E(Fln)

[τ(vi)
α

τ(vi+1)
β +τ(vi+1)

α
τ(vi)

β ]

=
n

∑
i=1

[(0)α(2n−4)β +(2n−4)α(0)β ]+
n

∑
i=1

[(0)α(2n−2)β +(2n−2)α(0)β ]+
n

∑
i=1

[(2n−4)α(2n−2)β

+(2n−2)α(2n−4)β ]+
n

∑
i=1

[(2n−4)α(2n−4)β +(2n−4)α(2n−4)β ]

= n(2n−4)α [(2n−2)β +2(2n−4)β ]+n(2n−2)α(2n−4)β .

(b). By definition,

C2
α,β (Fln)= ∑

uv∈E(Fln)
[d(u)α

τ(v)β +d(v)α
τ(u)β ]

= ∑
v0vi∈E(Fln)

[d(v0)
α

τ(vi)
β +d(vi)

α
τ(v0)

β ]+ ∑
v0ui∈E(Fln)

[d(v0)
α

τ(ui)
β +d(ui)

α
τ(v0)

β ]

+ ∑
viui∈E(Fln)

[d(vi)
α

τ(ui)
β +d(ui)

α
τ(vi)

β ]+ ∑
vivi+1∈E(Fln)

[d(vi)
α

τ(vi+1)
β +d(vi+1)

α
τ(vi)

β ]

=
n

∑
i=1

[(2n)α(2n−4)β +(4)α(0)β ]+
n

∑
i=1

[(2n)α(2n−2)β +(2)α(0)β ]+
n

∑
i=1

[(4)α(2n−2)β

+(2)α(2n−4)β ]+
n

∑
i=1

[(4)α(2n−4)β +(4)α(2n−4)β ]

= 2αn(2n−4)β (nα +2α+1+1)+2αn(2n−2)β (nα +2α).

(c). By definition,

C3
α,β (Fln)= ∑

uv∈E(Fln)
[d(u)α

τ(u)β +d(v)α
τ(v)β ]

= ∑
v0vi∈E(Fln)

[d(v0)
α

τ(v0)
β +d(vi)

α
τ(vi)

β ]+ ∑
v0ui∈E(Fln)

[d(v0)
α

τ(v0)
β +d(ui)

α
τ(ui)

β ]
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+ ∑
viui∈E(Fln)

[d(vi)
α

τ(vi)
β +d(ui)

α
τ(ui)

β ]+ ∑
vivi+1∈E(Fln)

[d(vi)
α

τ(vi)
β +d(vi+1)

α
τ(vi+1)

β ]

=
n

∑
i=1

[(2n)α(0)β +(4)α(2n−4)β ]+
n

∑
i=1

[(2n)α(0)β +(2)α(2n−2)β ]+
n

∑
i=1

[(4)α(2n−4)β

+(2)α(2n−2)β ]+
n

∑
i=1

[(4)α(2n−4)β +(4)α(2n−4)β ]

= 2α+1n[2α+1(2n−4)β +(2n−2)β ].

(d). By definition,

C4
α,β (Fln)= ∑

uv∈E(Fln)
[d(u)α

τ(u)β ×d(v)α
τ(v)β ]

= ∑
v0vi∈E(Fln)

[d(v0)
α

τ(v0)
β ×d(vi)

α
τ(vi)

β ]+ ∑
v0ui∈E(Fln)

[d(v0)
α

τ(v0)
β ×d(ui)

α
τ(ui)

β ]

+ ∑
viui∈E(Fln)

[d(vi)
α

τ(vi)
β ×d(ui)

α
τ(ui)

β ]+ ∑
vivi+1∈E(Fln)

[d(vi)
α

τ(vi)
β ×d(vi+1)

α
τ(vi+1)

β ]

=
n

∑
i=1

[(2n)α(0)β ×(4)α(2n−4)β ]+
n

∑
i=1

[(2n)α(0)β ×(2)α(2n−2)β ]+
n

∑
i=1

[(4)α(2n−4)β

×(2)α(2n−2)β ]+
n

∑
i=1

[(4)α(2n−4)β ×(4)α(2n−4)β ]

= 23αn(2n−4)β [(2n−2)β +2α(2n−4)β ].

5. Sunflower Graph S fn:
The sunflower graph S fn is obtained from flower graph Fln by growing n pendant edges to the apex of
flower graph. So, order of sunflower graph (|V (S fn)|) is 3n+1 and size of sunflower graph (|E(S fn)|) is
5n. The graphical depiction of sunflower graph is presented in Figure 5.
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Figure 5. Sunflower graph S fn
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Table 5: Partition of vertices for S fn.

Degree/Connection number Apex (v0) Rim (vi) Extreme (ui) Pendant (wi)
dS fn 3n 4 2 1
τS fn 0 3n-4 3n-2 3n-1

Theorem 3.5. Let S fn be a sunflower graph of order 3n+1. Then, the generalized first, second, third and
fourth Zagreb connection indices of S fn are

(a) Cα,β (S f nn)= n(3n−4)α [(3n−2)β +2(3n−4)β ]+n(3n−2)α(3n−4)β ,

(b) C2
α,β (S f nn)= n(3n−4)β [3αnα +2α(1+2α+1)]+n(3n−2)β (3αnα +4α)+3αnα+1(3n−1)β ,

(c) C3
α,β (S fn)= n[4α+1(3n−4)β +2α+1(3n−2)β +(3n−1)β ],

(d) C4
α,β (S fn)= 4αn(3n−4)β [2α(3n−2)β +4α(3n−4)β ].

Proof (a). Since S fn is a sunflower graph of order 3n+1. Also, v0 is the apex vertex. {v1,v2, ....,vn},
{u1,u2, ....,un} and {w1,w2, ....,wn} are the sets of rim, extreme and pendant vertices for S fn. By
definition,

Cα,β (S fn)= ∑
uv∈E(S fn)

[τ(u)α
τ(v)β +τ(v)α

τ(u)β ]

= ∑
v0vi∈E(S fn)

[τ(v0)
α

τ(vi)
β +τ(vi)

α
τ(v0)

β ]+ ∑
v0ui∈E(S fn)

[τ(v0)
α

τ(ui)
β +τ(ui)

α
τ(v0)

β ]

+ ∑
v0wi∈E(S fn)

[τ(v0)
α

τ(wi)
β +τ(wi)

α
τ(v0)

β ]+ ∑
viui∈E(S fn)

[τ(vi)
α

τ(ui)
β +τ(ui)

α
τ(vi)

β ]

+ ∑
vivi+1∈E(S fn)

[τ(vi)
α

τ(vi+1)
β +τ(vi+1)

α
τ(vi)

β ]

=
n

∑
i=1

[(0)α(3n−4)β +(3n−4)α(0)β ]+
n

∑
i=1

[(0)α(3n−2)β +(3n−2)α(0)β ]+
n

∑
i=1

[(0)α(3n−1)β

+(3n−1)α(0)β ]+
n

∑
i=1

[(3n−4)α(3n−2)β +(3n−2)α(3n−4)β ]+
n

∑
i=1

[(3n−4)α(3n−4)β

+(3n−4)α(3n−4)β ]

= n(3n−4)α [(3n−2)β +2(3n−4)β ]+n(3n−2)α(3n−4)β .

(b). By definition,

C2
α,β (S fn)= ∑

uv∈E(S fn)
[d(u)α

τ(v)β +d(v)α
τ(u)β ]

= ∑
v0vi∈E(S fn)

[d(v0)
α

τ(vi)
β +d(vi)

α
τ(v0)

β ]+ ∑
v0ui∈E(S fn)

[d(v0)
α

τ(ui)
β +d(ui)

α
τ(v0)

β ]

+ ∑
v0wi∈E(S fn)

[d(v0)
α

τ(wi)
β +d(wi)

α
τ(v0)

β ]+ ∑
viui∈E(S fn)

[d(vi)
α

τ(ui)
β +d(ui)

α
τ(vi)

β ]

+ ∑
vivi+1∈E(S fn)

[d(vi)
α

τ(vi+1)
β +d(vi+1)

α
τ(vi)

β ]
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=
n

∑
i=1

[(3n)α(3n−4)β +(4)α(0)β ]+
n

∑
i=1

[(3n)α(3n−2)β +(2)α(0)β ]+
n

∑
i=1

[(3n)α(3n−1)β

+(1)α(0)β ]+
n

∑
i=1

[(4)α(3n−2)β +(2)α(3n−4)β ]+
n

∑
i=1

[(4)α(3n−4)β

+(4)α(3n−4)β ]

= n(3n−4)β [3αnα +2α(1+2α+1)]+n(3n−2)β (3αnα +4α)+3αnα+1(3n−1)β .

(c). By definition,

C3
α,β (S fn)= ∑

uv∈E(S fn)
[d(u)α

τ(u)β +d(v)α
τ(v)β ]

= ∑
v0vi∈E(S fn)

[d(v0)
α

τ(v0)
β +d(vi)

α
τ(vi)

β ]+ ∑
v0ui∈E(S fn)

[d(v0)
α

τ(v0)
β +d(ui)

α
τ(ui)

β ]

+ ∑
v0wi∈E(S fn)

[d(v0)
α

τ(v0)
β +d(wi)

α
τ(wi)

β ]+ ∑
viui∈E(S fn)

[d(vi)
α

τ(vi)
β +d(ui)

α
τ(ui)

β ]

+ ∑
vivi+1∈E(S fn)

[d(vi)
α

τ(vi)
β +d(vi+1)

α
τ(vi+1)

β ]

=
n

∑
i=1

[(3n)α(0)β +(4)α(3n−4)β ]+
n

∑
i=1

[(3n)α(0)β +(2)α(3n−2)β ]+
n

∑
i=1

[(3n)α(0)β +(1)α(3n−1)β ]

+
n

∑
i=1

[(4)α(3n−4)β +(2)α(3n−2)β ]+
n

∑
i=1

[(4)α(3n−4)β +(4)α(3n−4)β ]

= n[4α+1(3n−4)β +2α+1(3n−2)β +(3n−1)β ].

(d). By definition,

C4
α,β (S fn)= ∑

uv∈E(S fn)
[d(u)α

τ(u)β ×d(v)α
τ(v)β ]

= ∑
v0vi∈E(S fn)

[d(v0)
α

τ(v0)
β ×d(vi)

α
τ(vi)

β ]+ ∑
v0ui∈E(S fn)

[d(v0)
α

τ(v0)
β ×d(ui)

α
τ(ui)

β ]

+ ∑
v0wi∈E(S fn)

[d(v0)
α

τ(v0)
β ×d(wi)

α
τ(wi)

β ]+ ∑
viui∈E(S fn)

[d(vi)
α

τ(vi)
β ×d(ui)

α
τ(ui)

β ]

+ ∑
vivi+1∈E(S fn)

[d(vi)
α

τ(vi)
β ×d(vi+1)

α
τ(vi+1)

β ]

=
n

∑
i=1

[(3n)α(0)β ×(4)α(3n−4)β ]+
n

∑
i=1

[(3n)α(0)β ×(2)α(3n−2)β ]+
n

∑
i=1

[(3n)α(0)β ×(1)α(3n−1)β ]

+
n

∑
i=1

[(4)α(3n−4)β ×(2)α(3n−2)β ]+
n

∑
i=1

[(4)α(3n−4)β ×(4)α(3n−4)β ]

= 4αn(3n−4)β [2α(3n−2)β +4α(3n−4)β ].
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4. Conclusion

In this paper, we computed the generalized Zagreb connection indices (ZCIs) such as the generalized first
ZCI, generalized second ZCI, generalized third ZCI and generalized fourth ZCI of some wheel related
graphs (wheel, gear, helm, flower and sunflower).

Now, the problem is still open to compute the generalized ZCIs for windmill graph, Dutch windmill graph
and the line graph of Dutch windmill graph.
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